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Abstract
Ordinal data, crucial for many scientific disciplines, consists of a discrete set of labels for

which a natural ordering but no specified distance measure exists. In practice, this pecu-
liarity of ordinal data is oftentimes overlooked, with many models making the simplified
assumption that it can be interpreted as either metric or categorical. The rise of digital tech-
nologies allows the collection of ever larger data sets, facilitating the use of more powerful
and expressive machine learning architectures. This thesis proposes and evaluates a deep
probabilistic latent model for forecasting ordinal time series by integrating an ordered-logit
model into a sequential variational autoencoder framework. The model is developed in the
context of a multi-university research initiative (Living lab AT4U) with the goal to predict in-
dividuals’ emotional trajectories using time series data collected from questionnaires on their
smartphones to suggest personalized mental health interventions. The model is evaluated
using empirical data collected during a psychiatric study and benchmark data matching this
data is created to test the model’s theoretical limitations. Hierarchical parameter estimation
is implemented to deal with sparse and short time series. The findings identify future av-
enues for dealing with irregular time series, missing values and ways to integrate multimodal

sensor data from smartphones.

Zusammenfassung
Ordinale Daten, welche fiir viele wissenschaftliche Disziplinen von entscheidender Bedeu-

tung sind, bestehen aus einer diskreten Anzahl von Kategorien, fiir die eine natiirliche Rei-
henfolge, aber kein spezifiziertes Abstandsmaf existiert. In der Praxis wird diese Besonder-
heit von ordinalen Daten oft {ibersehen, da viele Modelle vereinfachend davon ausgehen,
dass sie entweder als metrisch oder nominal interpretiert werden kdnnen. Die zunehmende
Verbreitung digitaler Technologien ermoglicht die Sammlung immer groferer Datensétze,
was die Konstruktion von immer méchtigeren Machine Learning-Architekturen ermoglicht.
In der vorliegenden Arbeit wird ein probabilistisches latentes Modell fiir die Vorhersage or-
dinaler Zeitreihen durch die Integration eines ordered-logit Modells in einen sequentiellen
variational autoencoder entwickelt und evaluiert. Das Modell ist im Rahmen einer universi-
tatsiibergreifenden Forschungsinitiative (Living lab AI4U) entstanden, deren Ziel es ist, den
Verlauf emotionaler Zustdnde von Individuen vorherzusagen, um personalisierte Interven-
tionen zur Verbesserung der psychischen Gesundheit vorzuschlagen. Als Datenquelle dienen
Zeitreihen, die iiber Smartphone-Fragebogen im Rahmen einer psychiatrischen Studie er-
hoben wurden. Mit diesen Daten werden iibereinstimmende Benchmark-Daten erstellt, um
die theoretischen Grenzen des Modells zu testen. Hierarchische Parameterschéitzung wird
implementiert, um mit kurzen Zeitreihen umzugehen. Die Ergebnisse eroffnen verschiedene
Perspektiven fiir den zukiinftigen Umgang mit unregelméfigen Zeitreihen, fehlenden Wer-

ten und Moglichkeiten zur Integration multimodaler Sensordaten von Smartphones.
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1 Introduction

It is difficult to make predictions, especially about
the future.
— Danish proverb

Predictions of the future seem to have held a peculiar fascination for humanity since
the dawn of history. From the carefully arranged fish guts beneath the knives of the
augurs in ancient Rome to an octopus named Paul credited with correctly predicting
the outcomes of all soccer games involving the German national team in the 2010
World Cup, humans have put their faith in an astounding variety of sources to find
out what tomorrow holds in store.’

Being somewhat limited in scope, this thesis will solely concern itself with methods
involving statistics. The focus lies on quantitative methods that rely on time series
data collected in the past, without requiring specialized previous knowledge about
the inner workings of the processes in question [Kantz and Schreiber 2004; Chatfield
2013; Lim and Zohren 2021]. This necessitates the assumption that the recorded
data sufficiently captures the characteristic dynamics and the time scale of the sys-
tem, and that we can expect these patterns to continue with some regularity in the
future [Hyndman and Athanasopoulos 2018]. Although such forecasting methods
are primarily informed by the data itself, it can still be very important to integrate
knowledge from the respective application field, e.g. by choosing the most suited
model class or formalizing insight from domain experts [Kantz and Schreiber 2004;
Chatfield 2013].

In recent years, deep learning architectures, such as recurrent neural networks, have
been employed with great success for a variety of forecasting problems [Lim and
Zohren 2021], e.g. ranging from models for COVID-19 data [Ahmed et al. 2010],
prediction of weather phenomena [Liu et al. 2015], power system planning [Guo
et al. 2018] to financial time series [Sezer et al. 2020].

A common challenge encountered when constructing deep learning models for a di-
verse set of applications is how to handle the large variety of heterogeneous data
modalities that get produced in different scientific contexts [Nazdabal et al. 2020;
Bommer et al. 2021; Shi et al. 2021]. Relatively little attention has so far been paid
to the problem of forecasting ordinal time series by employing deep learning models,

with most of the literature being concerned with classification and regression tasks

¥or a history of human attempts to forecast the future, see the highly entertaining Minois 1998.



on non-sequential ordinal data [Cheng et al. 2008; Gutiérrez et al. 2016; Jaskari and
Kivinen 2018; Lu et al. 2022], e.g. prediction of facial movements [Eleftheriadis et
al. 2016] or imputation of missing values [Nazdbal et al. 2020].

Ordinal data consists of a finite set of labels for which a natural ordering but no spec-
ified distance measure exists [Gutiérrez et al. 2016]. Thus, ordinal data can neither
be assumed to exist on a metric interval scale nor is it truly nominal. Such data can
be encountered in many different disciplines and application settings, ranging from
assessing pain severity [Von Korff et al. 2000; Varin and Czado 2010], quality-of-
life data in clinical trials [Goldberg et al. 2004; Lee and Daniels 2007], crash injury
severity [Castro et al. 2013], corporate credit ratings [Hirk et al. 2018], ecological
momentary assessments in psychiatry [ Colombo et al. 2019], air quality [Kim 2017],
anti-trafficking efforts [Wang et al. 2020] to brain computer interfacing [Yoon et al.
2011]. In general, ordinal variables tend to appear when collecting information on
the preferences and opinions of people, for instance through questionnaires or other
types of surveys, where they oftentimes take the form of so called Likert scales, e.g.
responses ranging from "strongly disagree" to "strongly agree" [ Likert 1932; Johnson
and Albert 2006].

Longitudinal ordinal data has so far been primarily investigated outside of deep
learning using a variety of modeling approaches, e.g. different Markov and gen-
eralized linear type models [Bockenholt 1999; Pruscha and Géttlein 2003; Lee and
Daniels 2007; Lee and Daniels 2008], by leveraging the global odds ratio [Molen-
berghs and Lesaffre 1994; Williamson and Kim 1996], mixed autoregressive pro-
bit models [Varin and Czado 2010] or latent variable models [Todem et al. 2007;
Cagnone et al. 2009; Tran et al. 2019].

Overall, many ordinal methods are based on the assumption that an underlying con-
tinuous latent variable exists that is segmented according to some threshold parame-
ters into contiguous intervals that represent the different ordinal responses [ Johnson
and Albert 2006]. In practice, ordinal data is also oftentimes modeled by making
the simplified assumption that it can be interpreted as either metric or categorical
[Gutiérrez et al. 2016]. Such an approach has the convenient advantage that already
existing powerful machine learning methods can simply be repurposed, but runs into
the problem that converting ordinal labels to numerical values is theoretically un-
principled or that by alternatively treating ordinal prediction as a classification task
the information about the ordering is lost [Gutiérrez et al. 2016; Lu et al. 2022].

In this thesis, I will build and evaluate a probabilistic latent variable model for ordinal

time series data by leveraging a piecewise-linear RNN (PLRNN), a specific class of re-



current neural networks [ Durstewitz 2017a], that will be trained through variational
inference in the sequential variational autoencoder (SVAE) framework [Kingma and
Welling 2014; Archer et al. 2015; Blei et al. 2017; Girin et al. 2021]. SVAEs extend
the widely used Variational Autoencoder (VAE) [Kingma and Welling 2014] by in-
cluding a state space model to account for the temporal dynamics. The SVAE frame-
work has the great advantage that different observation modalities can be integrated
in a straightforward way, which I will make use of by employing the proportional
odds model (also called ordered logit model), one of the first threshold regression
models specifically designed for ordinal data [McCullagh 1980].

As discussed, ordinal responses are oftentimes collected through questionnaires,
which generally makes them difficult or costly to gather in large abundance. For
instance, there are practical limitations to how often and how many participants are
willing to answer a survey [Wen et al. 2017]. The rise of digital technologies some-
what alleviates this problem, as new ways to collect large data sources for social
science research become more and more available, e.g. via smartphones, wearable
technologies or social networks [Blazquez and Domenech 2018]. Still, ordinal data
is generally much less readily available than data sets for other typical machine learn-
ing tasks, such as image classification [Dai et al. 2021]. Working with small datasets
obviously presents a challenge from a modeling perspective, especially when want-
ing to apply expressive deep learning architectures that can require millions of data
points and parameters to be successfully trained. Dealing with small and sparse data
sets is a problem that also extends to many scientific disciplines and application con-
texts, ranging from material science [Zhang and Ling 2018] to psychiatry [Cearns
et al. 2019; Koppe et al. 2021].

Here, as a first step towards solving this problem, I will implement and test a form
of hierarchical parameter estimation. This approach is inspired by transfer learning
[Pan and Yang 2010] and is an attempt to enable the model to leverage group-level
information to strengthen predictions for short individual time series. Additionally, I
will make use of the generative model capabilities to create tailored benchmark data
to better test the theoretical limitations of the model for different sample sizes, and
discuss and implement strategies to deal with irregular sampling, multimodal data

and missing values.



1.1 Living Lab AI4U

The development of the model was carried out in the context of an interdisciplinary
state-funded research initiative (Living lab AI4U), a multi-university collaboration
exploring ways to use methods from artificial intelligence to promote mental health
among young adults [Rauschenberg et al. 2021a]. Accordingly, the empirical
investigation of this thesis is based upon data collected during a past psychiatric
study [Rauschenberg et al. 2021b].

As discussed, ordinal data plays a large role in psychiatric research, as Likert scales
are very commonly used on questionnaires collecting self-reported information
about emotional states or behavior [Likert 1932]. There is some evidence to show
that retrospective self-reporting can often lead to heavily biased results [Ben-Zeev
et al. 2009], which is why ecological momentary assessments (EMAs) emerged as an
alternative approach to evaluate the dynamics of mental health [Csikszentmihalyi
and Larson 1987; Colombo et al. 2019]. The general idea behind this assessment
method is to capture information on mood, behavior or thoughts of participants as
close as possible to the moment they occur [Myin-Germeys et al. 2018]. Repeated
and real-time measurements reduce recall bias and allow researchers to better
understand the temporal and context-specific dependencies of emotional and
behavioral symptoms [Ebner-Priemer and Trull 2009]. This is especially important,
as it has been argued that investigating the temporal dynamics of psychiatric
phenomena might be crucial for gaining a deeper understanding of mental illnesses
[Bystritsky et al. 2012; Durstewitz et al. 2021].

Traditionally, this was oftentimes realized through written self-report diaries or
questionnaires, in which participants could record their mood in a structured way
several times a day over longer time periods [Verbrugge 1980; Stone et al. 2007].
Nowadays, the data collection process can be greatly facilitated through the use
of digital technology in the context of mobile health (mHealth) [Myin-Germeys
et al. 2016; Colombo et al. 2019]. For instance, the widespread usage of mobile
devices now allows for EMAs to be administered through the use of smartphone
applications [Seppala et al. 2019], which makes is easier to store and collect the
relevant information. Moreover, users can now be regularly reminded to respond
to an assessment through mobile notifications and the process of filling out a
questionnaire is usually quicker and more convenient than on paper [ Colombo et al.
2019]. Mobile devices can also collect additional data without requiring direct

user input, e.g. through the embedded sensors of a smartphone, ranging from step



counts, GPS tracking to general data on phone usage [Koppe et al. 2019b; Seppéla
et al. 2019].

Ecological momentary interventions (EMIs) seek to apply similar principles to the
treatment of psychiatric patients and general mental health promotion [Myin-
Germeys et al. 2016]. In the same way that EMAs assume that emotions and
behavior are best measured directly in the everyday context, EMIs seek to bring
treatment options into the daily life of participants via the use of mobile devices
[Colombo et al. 2019]. For instance, during the EMIcompass study adaptive
interventions were administered through the smartphone of participants by making
use of compassion-focused intervention techniques, such as positive imagery or
self-compassionate writing [Rauschenberg et al. 2021b].

The rapid development of mobile healthcare services in psychiatry, but also in other
medical contexts, e.g. the increasing number of electronic health records [Wang
et al. 2018; Kim and Chung 2019], allows for the collection of larger data sets
than what previously was possible [Donker et al. 2013; Durstewitz et al. 2019;
Koppe et al. 2021]. This creates a growing potential for the deployment of powerful
deep learning architectures to provide new types of treatment solutions and opens
up new avenues for understanding mental health [Durstewitz et al. 2019; Koppe
et al. 2019b]. On the other hand, while many types of mobile mental health
applications do exists, much work still needs to be done to provide them with
a solid scientific foundation [Donker et al. 2013]. Specifically in the context of
time series forecasting, RNNs have already been employed for a variety of health
applications, e.g. predicting depressed moods from self-reported histories and
sleeping logs [Suhara et al. 2017], providing forecasts on users physical activity
levels [Kim and Chung 2019], predicting self-reported emotional states [ Siikei et al.
2021], forecasting stress levels [Mikelsons et al. 2017; Umematsu et al. 2019] or
sleep quality prediction [Sathyanarayana et al. 2016].

The Living lab AI4U project seeks to further explore the potential for machine
learning methods for general mental health promotion for adolescents and young
adults [Rauschenberg et al. 2021a]. More specifically, the goal is to predict an
individual’s emotional trajectories using time series data collected from their
smartphone via questionnaires and sensory data to suggest personalized digital
mental health interventions. Therefore, the focus lies not only on forecasting the

emotional dynamics of participants, but also on leveraging a machine learning



model to provide personalized treatment interventions.> This thesis is primarily
focused on the first component; generating accurate forecasts of the ordinal EMA
trajectories. This is arguably the key modeling challenges, as interventions can
at least in principle be easily included into the modeling framework, as will be
discussed later. Additionally, the models will be trained on ordinal trajectories
alone, leaving the empirical investigation of sensor data for future work. To do so,
the model will be evaluated on an empirical data set collected during the psychiatric
EMIcompass study [Rauschenberg et al. 2021b]. Figure 1, presents a schematic
overview for how RNNs could be used for mobile mental health treatment.

20f course, the potential consequences, advantages and risks of using machine learning models for
real-world (mental) health applications needs to be discussed in a much more in depth way than
it is possible in the context of this thesis. Here, the primary focus lies on the methodological
development, see the following review papers for a discussion on the future of machine learning
approaches in mental health, and their potential societal and ethical ramifications [Dwyer et al.
2018; Thieme et al. 2020].
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Figure 1: Multimodal data, collected through questionnaires and embedded smartphone
sensors, can be used to train personalized RNN models. These subject-level mod-
els can be potentially improved by information collected from an entire group of
participants, e.g. by pre-training the model or by employing a hierarchical pa-
rameter estimation. The trained model can then simulate the impact of several
different mental health interventions on the future emotional trajectories of the
participant. The model then selects the mobile intervention associated with the
best future outcome, and sends it to the participant. The participant continues to
log her emotional states, which allows the model to gain feedback on the recom-
mended choice.



2 Theoretical Background

2.1 Fundamentals of Time Series Models

A time series is a sequence of observations made in time [Chatfield 2013]. Mod-
eling and analyzing time series data presents a unique challenge from a statistical
perspective [ Durstewitz 2017b; Shumway and Stoffer 2017]. Many classical meth-
ods in statistics and machine learning depend on the common assumption that data
points are identically and independently distributed. This is obviously not given for
time series data, as observations made in close succession are usually highly de-
pendent. This temporal dependency structure opens up the possibility of building
models to forecast future values of a time series based on time points observed in
the past [Chatfield 2013]. When attempting to find a plausible model for an ob-
served time series, one usually needs to take into account some form of randomness
[Chatfield 2013; Shumway and Stoffer 2017]. For instance, this might stem from
not having observed all the key information required to describe and model the un-
derlying process or simple measurement noise.

A time series can therefore be seen as the realization of a stochastic process, which in
turn can be defined as a sequence of random variables {X,} indexed by time points
t. An observed time series {Xt}?ltl is one sample trajectory drawn from the corre-
sponding random variables at each time point. Usually, a time series is assumed to be
composed of discrete equidistant measurements t, = nAt, which is a consequence
of limitations in the collection of data and computational analysis [Shumway and
Stoffer 2017].

2.1.1 Moments of a Time Series Process

A stochastic process can be characterized by the cumulative joint distribution of all

the random variables at all relevant time points [Chatfield 2013].

P(X; <xqy,...,X7 < X7p) 2.1)

In most cases, attaining this distribution is impossible or too impractical, which leads
to using the moments of a stochastic process as a more straightforward informative
description of the process [ Shumway and Stoffer 2017].

* The mean function u, can be evaluated at all time points t.



ue=E[X,]= J xp(x)dx (2.2)

—0Q

* The autocovariance function provides a measure of the linear dependencies
between different time points [ Durstewitz 2017b].

acov(Xy, X1 n) = E[(X; — )X i1a — Uesn)] (2.3)

For a time difference of A = 0 the autocovariance simply reduces to the vari-
ance. The corresponding autocorrelation is calculated by dividing by the re-

spective standard deviations.

acov(Xy, X a)
\/aCOV(Xt , X )acov(X ,n, X in)

acorr(X,, X, ) = (2.4)

Usually, one expects the autocovariance to drop as the time difference between
data points grows. As for the classical covariance, an autocovariance of zero
only implies that time-points are not linearly related, but they still might very
well exhibit some other form of nonlinear dependency.

2.1.2 Stationarity

All the mentioned properties refer to the infinite ensemble of potential time series
realizations of the stochastic process. As discussed above, in almost all empirical
settings, exceptions being very controlled lab settings, only a single realization can
be accessed. This gives rise to the notion of stationarity [Durstewitz 2017b]. A
stochastic process is called stationary (in the strict sense), when the overall cumula-

tive distribution function is invariant in time.

P(Xl S Xl,...,XT S XT) :P(X1+A S x1+A1"'7XT+A S XT+A) (2.5)

It follows that the marginal distributions of all the random variables X, are the same,

which for instance implies that mean u, and variance acov(X,,X,) are also constant



in time [Shumway and Stoffer 2017]. Additionally, the dependency structure be-
tween random variables at different time points is invariant under time shift, and
therefore only depends on the time lag between them. For example, under station-
arity assumption the autocorrelation is independent of the specific time points and
only depends on the time difference.

acorr(X, X a) =acorr(X, p, Xeiasn) (2.6)

Again, it is important to realize that the probability distributions and expectations re-
fer to the entire ensemble of the stochastic process [Durstewitz 2017b]. In one sam-
ple trajectory there still might very well be variation across time, induced through an
underlying periodic process, without breaking any of the conditions of stationarity.
Oftentimes, a weaker form of stationarity is defined that only requires a constant
mean and autocovariance. This condition is easier to determine, and forms the basis
of much of linear time series analysis, where dependencies between time points are
fully captured by the autocorrelation [ Shumway and Stoffer 2017], but is clearly in-
sufficient when considering more complex non-linear dynamics [ Kantz and Schreiber
2004].

From a dynamical systems perspective, one might also call a time series stationary
if it was produced by a dynamical system whose parameters 6 are constant over the
entire observed time period. [Kantz and Schreiber 2004; Durstewitz 2017b].

Xy :fe(xt—1)+6t (2.7)

In any case, one rarely has knowledge about the true underlying dynamics that gen-
erated a time series, which makes it quite difficult to determine if a system is sta-
tionary from a single time series. The recorded time period might just not be long
enough to understand the general behavior; e.g. an oscillation might look like a
linear trend on a short time scale. Practically speaking, one needs to ensure that
the observed time series contains enough information, and that the dynamics show
some kind of regularity to effectively build a model of the underlying process. [Kantz
and Schreiber 2004; Durstewitz 2017b].

10



2.1.3 White Noise Process

The most basic building block for a time series model is the so called white noise
process. It consists of a sequence of uncorrelated random variables €, ~ W(0, c%)
with a finite and fixed variance o2 and a mean of zero [Chatfield 2013; Durstewitz
2017b; Shumway and Stoffer 2017].

o2, ifA=0.
acov(€,, €, p) = (2.8)
0, otherwise.

E[e,]=0, forall t (2.9)
Oftentimes, the additional assumption is made that the variables are Gaussian dis-
tributed €, ~ N(0, 0?).
2.1.4 Linear Time Series Models

The arguably most popular type of stochastic time series model is the linear autore-
gressive process that assumes that current values of a time series result from a linear
function of past observations combined with a white noise process €, ~ W(0, c?)
and a constant parameter ¢ [Chatfield 2013; Durstewitz 2017b].

p
Xt=c+ZaiXt_i+et (2.10)
i=1

The order parameter p of an AR(p) process corresponds to the length of the history
of observations used to determine the next value. A second description is the so
called moving average process MA(q), where the current output depends on a linear

combination of past noise terms €,_;.

q
Xt=c+2bjet_j+et (2.11)
j=1

It is oftentimes useful to combine the AR(p) process and MA(q) process into a single

model, the widely used Autoregressive Moving Average ARMA(p, q) process.
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P q
X, =c+ZaiXt_i+ijet_j+et (2.12)
i=1 j=1

A MA(q) process can always be expressed as an infinite order AR(p) process and vice
versa [Durstewitz 2017b] . A combined representation still has benefits, for instance
expressing a process with less parameters than a pure AR(p) or MA(q) process would
have needed [Chatfield 2013].

The parameters a; of an AR(p) process can be estimated in a fairly straightforward
way, for instance by ordinary least squares or using the Yule-Walker equations. De-
termining the moving average coefficients b; is more involved and usually requires
computational optimization methods [Chatfield 2013; Durstewitz 2017b]. The or-
der q of a MA(q) process can be obtained by calculating the sample autocorrelation
function. The autocorrelation is zero for time lags larger than g, so one can check
at which time lags the empirical estimate becomes close to zero [Chatfield 2013;
Durstewitz 2017b]. A first estimate for the order p of an AR(p) process can be de-
termined through the so called partial autocorrelation function, which measures the
correlation between time points separated by a certain lag k, while desregarding the
correlation due to the dependency of the time points in between. Similar to the au-
tocorrelation for the MA(q) process, the partial autocorrelation drops to zero for a
time lag larger than p. In practice, it is oftentimes recommended to use other criteria
to identify the correct order, such as the Akaike’s Information Criterion (AIC) or the
Bayesian Information Criterion (BIC) [Chatfield 2013].

After estimating all the necessary parameters, future values can be predicted by it-
erating the process forward [Durstewitz 2017b; Shumway and Stoffer 2017]. For
instance, for an AR(p) process the best one step ahead prediction (minimizing the
mean square error) is

p
)%T+1 :E[XT+1|X1,...,XT:|:C+ZaixT+1_i (2.13)
i=1

There exist a variety of model extensions and ways to generalize the ARMA(p, q)
model. For instance, the autoregressive integrated moving average process (ARIMA)
can be used to fit non-stationary time series by calculating time differences between

consecutive observations [Chatfield 2013]. The model can also be easily expanded
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for multivariate time series, leading to the so called vector autoregressive process
[Durstewitz 2017b].

2.2 State Space Models

When constructing a time series models for complex phenomena, one can very rarely
assume that the observations made sufficiently capture and describe the dynamics
of the system [Durstewitz 2017b]. This might be due to not having measured all the
important system variables, or just not being able to directly observe them. These
unobserved, or underlying variables describe the actual process of interest from
which the observed time series x, is generated. The underlying variables z, are also
oftentimes called latent variables. From a scientific perspective, it is of great interest
to be able to access and infer the underlying dynamics to further our understanding
of the system in question [ Durstewitz 2017b]. For instance, in a psychiatric context,
data produced through ecological momentary assessments might allow insights
into the actual behavioral and cognitive mechanisms of participants [Koppe et al.
2019b; Durstewitz et al. 2021].

In state space models, the latent process is assumed to be a first-order Markov chain,
meaning that the next latent state z,; is only dependent on the previous time step
z, [Durbin and Koopman 2012; Durstewitz 2017b; Shumway and Stoffer 2017]. In
different terms, the future state conditioned on the present latent state is indepen-
dent of past states. Thus, the transition probabilities p(z,,,|z,) fully determine the
evolution of the underlying stochastic process.

p(ZH_l|Zl,...,Zt)=p(ZH_1|Zt) (2.14)

It is further assumed that the measured values x, solely depend on the latent state z,
at the respective time step t. This mapping is described by the observation process
p(x,|z,) [Durstewitz 2017b].

p(xt|z1;---szt):p(xt|zt) (2.15)
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Furthermore, observations given their corresponding latent states are independent
of each other, which implies that the temporal dependency structure is fully encoded

in the latent process [ Durstewitz 2017b].

p(x,,x.|z,,2,) = p(x,|2., 2., )p(X, |2, 2.,) = p(x. |z, )p (X, |Z,/) (2.16)

The observations themselves can obviously still exhibit any kind of dependencies in
time, only when conditioned on the markovian latent process the independence as-
sumption holds [Durstewitz 2017b].

The latent process 2.14 and observation equation 2.15 form the so called genera-
tive model, which can be succinctly written as the joint probability distribution of
observations {x,} and latent states {z,}. Using the mentioned properties of state
space models (2.14, 2.15, 2.16) the joint probability distribution factorizes into the
transition probabilities of the latent states, the observation model and the prior dis-

tribution of z;.

T T
p(X: Z) = p(Xla cees X752, 'JZT) = p(zl)l_[p(ztlzt—l)l_[p(xtlzt) (217)
t=2 t=1

Oftentimes, it is convenient to use the logarithm of the joint distribution, because it

allows for the product terms to be reformulated as sums.

logp(x,z)=logp(x1,...,XT, Zl)'-"zT) (2]—8)
T T

=logp(z,) + ) ,logp(zz, ) + ) logp(x|z,) (2.19)
t=2 t=1

2.2.1 Linear State Space Models

The linear time series models presented in Section 2.1.4 can be used to formulate
a linear state space model [Durbin and Koopman 2012; Durstewitz 2017b]. Under
the assumption of Gaussian process €, and observation noise 7,, the multivariate
latent process and observation equation can be expressed as
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pP(X_11Z—1) p(x.|z,) P(X411Z¢41)

p(zz,) P(z1l2z,)

Figure 2: A state space model is compromised of a latent first-order Markov process, and
an observation equation connecting the latent states at each time point ¢ to the
corresponding conditionally independent observation.

z, =Az,_, +e¢, €, ~N(0,%) (2.20)
X, =Bz, + 1, M ~ N(O: I), (2.21)

where the latent vectors z, = (z,...2),)" and observations x, = (x;,...xy,)" are
of dimension M and N, and B denotes the (N x M) dimensional observation matrix.
The initial state z, is drawn from its own distribution z; ~ N(u,,%,). The state
process equation corresponds to a vector autoregressive process of order one, while
the observation equation is equivalent to a linear regression problem.

The Gaussian observation noise 1), represents the inherent randomness when taking
measurements, e.g. precision errors of instruments [ Durstewitz 2017b]. The process
noise €, is conceptually more difficult to grasp. Putting the question aside, if there
are truly stochastic processes in the real-world, for instance close to the quantum
level, in most cases we have to assume that the latent model can only capture an
approximation of the real-world dynamics, which can be expressed using the process
noise [Durstewitz 2017b].

2.2.2 Piecewise-Linear Recurrent Neural Networks

Linear time series models can be a very useful tool and have many benefits, such
as fairly straightforward ways to estimate parameters, being more interpretable, or
requiring little data and less computational resources to train, at least in comparison
to deep learning methods [Durstewitz 2017b; Koppe et al. 2021]. On the other
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hand, linear systems are restricted in the variety of dynamical system phenomena
they can represent [Kantz and Schreiber 2004; Durstewitz 2017b]. In many
empirical settings, one might expect the underlying dynamics to show complex and
nonlinear dependencies that can not be fully explained through linear correlations.
This creates the need for more expressive models that can deal with highly irregular,
non-linear and potentially chaotic time series data.

Recurrent neural networks (RNNs) possess, at least in theory, the ability to approx-
imate any kind of dynamical system [Funahashi and Nakamura 1993; Durstewitz
2017a], which should make them in principle powerful enough to even represent
complex cognitive or behavioral dynamics. Piecewise-linear (PL) recurrent neural
networks are a specific class of recurrent neural networks [ Durstewitz 2017a; Koppe
et al. 2019a] that can be used to formulate a nonlinear state space model. A big
advantage of PLRNNs is that they allow for the analytical calculation of various
dynamical system properties, such as fixed points or cycles [Durstewitz 2017a;
Koppe et al. 2019a; Monfared and Durstewitz 2020a; Schmidt et al. 2021]. Using
an analytically tractable system allows us to regain some of the interpretative power
that is lost when moving form linear to nonlinear systems. This is of special interest
in scientific settings, where one seeks to understand the underlying mechanisms.
This is outside of the scope of this thesis, but I would still argue that it is preferable to
use a model that is potentially interpretable in the future. In psychiatric or general
health contexts it might be of large importance to make predictions and models
explainable, e.g. give some insight why a specific intervention was recommended to
a patient. Additionally, when working in low data limits, as in psychiatry or many
scientific prediction settings, one needs to gain and leverage as much knowledge as
possible about the data generating process to tailor the modeling approach to the

empirical problem at hand.
The latent process equation of a PLRNN is given by [ Durstewitz 2017a; Koppe et al.
2019a]:

z, =Az,_, +W¢(z,_,)+h+e€, € ~N(0,3%), (2.22)
where ¢ is a rectified linear unit activation function that is applied element

wise to the latent states ¢(z,); = max(0,z;,), see Figure 3. The auto-regressive
connections between states correspond to the (M x M )-dimensional diagonal matrix
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A, while the connection weights between units are determined by the off-diagonal
(M x M)-dimensional W matrix. €, is a Gaussian white noise process with a

diagonal covariance matrix . h is a constant vector of bias parameters.

T T T T T

10F ]
—— Rectified Linear Unit (ReLU)
) S I N R S A
B ] s e e e S
8
<
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0 [ H A S T
—10 ) 0 d 10
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Figure 3: The Rectified Linear Unit (ReLU) activation function ¢ (x) = max(0, x).

As in the linear case, the initial latent state z, is sampled from a Gaussian distribution

with mean u, and covariance matrix ¥,.

z, ~ N (U, o) (2.23)

The process equation can also be represented using the Gaussian transition proba-
bilities p(z,|z,_1)-

p(zilz1) = N(Az,_; + W (z,,) + h, B) = N (w,(2,-,), T) (2.24)

2.2.2.1 Basis Expansion

In statistics, a basis or spline expansion is a popular tool to increase the capacity of
a linear model [Hastie et al. 2009; Durstewitz 2017b]. The vector of regressors X is
simply replaced by a set of nonlinear functions g,,, which conveniently retains the

linearity in the parameters f3,, once the functions are known.
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F@) =D Bugn(®) (2.25)
m=1

A similar linear spline expansion can also be used to enhance the expressiveness
of a PLRNN by replacing the ReLU-term ¢(z,_,) with a linear combination of ReLU
functions with different thresholds h, € R and basis coefficients a, € R [Brenner
et al. 2021].

B
$(z1)= ) aymax(0,z.; —hy) (2.26)
b=1

B is called the number of bases. This leads to the expanded latent step equation:

B
z, =Az,_,+ WZ a,max(0,z,_, —h;)+h+e€,, € ~N(0,3). (2.27)
b=1
While the original formulation of the PLRNN should be universal enough to approx-
imate any dynamics, the basis expansion is still useful as it leads to a more parsi-
monious representation of the model [Brenner et al. 2021]. This allows the model
to represent the same dynamics with a smaller latent dimension M, and overall less

dynamical parameters.

2.2.2.2 Clipped PLRNN

To ensure that the latent states do not diverge and stay bounded, a simple "clipped"

version of the PLRNN can be formulated, as presented in Brenner et al. 2021.

B
z, =Az,_,+ WZ ap[max(0,z,_, —h,) —max(0,z,_;)]+h+e, (2.28)
b=1

To simplify notation, the additional ReLU term will be omitted in the following Sec-

tions.
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2.2.3 Maximum Likelihood Estimation

The next step is to infer all the parameters 8 = {A,W, {a;,h;},h, %, B, T} of the gen-
erative model py(x,z) that consists of a PLRNN and a simple Gaussian observation
model, from an observed time series {x,}.

B

z, =Az,_, + WZ a,max(0,z,_,—h,)+h+e€, €, ~N(0,%) (2.29)
b=1

X, =Bz, +m,, 7, ~N(0,T) (2.30)

A common way to tackle this problem is to maximize the log-likelihood log py(x)
with respect to the unknown parameters 6 [Kingma and Welling 2014; Durstewitz
2017b; Kingma and Welling 2019].

A

0 = argmax log py(x) (2.31)
0

For a latent variable model, the marginal likelihood p4(x) is calculated by integrating
the generative joint likelihood p,4(x,z) across all possible latent trajectories [ Durste-
witz 2017b; Kingma and Welling 2019].

log py(x) = log f po(x,2)dz = logf po(x|2)py(z) dz (2.32)

This integral is impossible or too impractical to analytically compute, which makes
it difficult to directly optimize the log-likelihood, and in turn creates the need for
specialized learning algorithms [Tzikas et al. 2008; Durstewitz 2017b]. This prob-
lem is strongly related to the task of inferring the posterior distribution of the latent
states p(z|x) [Kingma and Welling 2019].

pG(X:Z) — pO(X’Z)
Po(x) fpg(x, z)dz

p(z|x) = (2.33)

To summarize, the goal is to find point estimates of the parameters 6 from the ob-

served time series X, while still treating the underlying latent states z as random
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variables. A step further would lead to a fully Bayesian framework, where also the
parameters 6 are assumed to be random variables [Blei et al. 2017; Sayer 2020].

2.2.4 Evidence Lower Bound

Since the log-likelihood described in the previous section is not easily computable,
a different optimization criterium needs to be found. To do so, a proposal density
of the latent states q(z|x) can be introduced, which allows the derivation of a lower
bound of the log-likelihood [Jordan et al. 1998; Bishop 2006]. The derivation holds
for an arbitrary probability density q(z), although its meaning will be made clear

S001.

_ 4z po(x,2)
log pe(x) = log J potx )L 2 Sz 1ogqggx)[ q(zlx)] (2.34)

The lower bound can be found by using Jensen’s inequality that holds if f is a concave

function.

f(E[x]) = E[f (x)] (2.35)

Applying Jensens’s inequality to the logarithm in equation 2.34, we arrive at:

B po(x,2)
logpe(x) =lo gq(z|x)[ q(z|x) ]

pO(XJZ)
z (Em[l"g (z|x)]
m[logpe(x Z)]— IE [logq(ZIX)]

— ELBO,(6) (2.36)

This approximation of the log-likelihood is called the evidence lower bound (ELBO).
The ELBO can be reformulated in terms of the Kullback-Leibler divergence, which
makes the role of the proposal density ¢ more obvious [Bishop 2006; Blei et al.
2017].
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logpe(x) = — E [logq(zlx)]+ E llogpy(zlx)]+ E [logp,(x)]

=—KL(q(z[x) || po(z[x)) +1og py(x)
= ELBO,(6) (2.37)

The Kullback-Leibler divergence becomes zero if the proposal density is equal to
the posterior density of the latent states q(z|x) = py(z|x). Therefore, the better the
agreement between g and the true posterior py(z|x), the tighter the bound; if they
are equal the ELBO corresponds to the log-likelihood.

A very prominent way to then calculate the maximum likelihood estimate for a la-
tent variable model is the Expectation-Maximization (EM) algorithm [Bishop 2006;
Durstewitz 2017b]. It maximizes the log-likelihood iteratively, where every iteration
consists of a so called E and M-step. During the E-step the EM-algorithm calculates
(or approximates) the posterior probability distribution p,(z|x), which is equivalent
to maximizing the ELBO with regards to q(z|x) for a fixed global parameter set 8. In
the M-step, the previously calculated density q(z|x) ~ py(z|x) is fixed, which causes
the KL-divergence to vanish. The ELBO is then maximized with regards to the gen-
erative model parameters 6, leading to the log-likelihood rising at least as much
as the lower bound [Bishop 2006]. This is repeated until convergence. Therefore,
the EM algorithm can be used to maximize the likelihood through two more easily
to compute steps. For instance, for linear state space models that were discussed
in Section 2.2.1, the E-step can be calculated analytically through the Kalman-filter
recursions [Kalman 1960; Durstewitz 2017b].

It has been demonstrated that the EM-algorithm can be used to efficiently train a
PLRNN with a Gaussian observation model by combining analytical calculations with
a Newton-type iteration scheme [Durstewitz 2017a; Koppe et al. 2019a]. This ap-
proach can also be extended to non-Gaussian observation models, although more
complicated observation models, such as non exponential family distributions, might
become too difficult to handle [Bommer et al. 2021]. Additionally, it is oftentimes
computationally prohibitive to train larger datasets with the EM-algorithm [Kingma
and Welling 2019].

Alternatively, latent variable models can be trained by leveraging principles from
variational inference, more specifically in the framework of variational autoencoders

[Kingma and Welling 2014 ]. Variational autoencoders have the advantage that they
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allow for greater flexibility for incorporating different generative models and data
modalities. Additionally, they can be trained very efficiently for larger datasets and
high-dimensional latent spaces [Kingma and Welling 2014; Kingma and Welling
2019].

2.3 Variational Autoencoders
2.3.1 Variational Inference

A general approach to approximate a posterior distribution p(z|x) for which no
closed form solution exists, or only one that would be too computationally expen-
sive to calculate, can be found in variational methods [Blei et al. 2017; Kingma and
Welling 2019]. The central idea is to introduce an approximate posterior q,(z|x)
that is part of a family of tractable distributions g, (z|x) € Q, which is determined by
the variational parameters ¢. The goal is then to choose the optimal parameters ¢
so that the distribution g4 (z|x) is as close as possible to the true posterior p(z|x). The
family of distributions O needs to be as flexible and expressive as possible without
making the optimization problem too difficult [Bishop 2006]. The Kullback-Leibler
divergence can be used to capture the similarity between the variational distribution
q4(z|x) and the true conditional. Thus, we can reformulate the previous inference

problem as an optimization task.

S

¢ = arg;nin KL(q4(z[x) || p(z|x)) (2.38)

Of course, the KL-divergence is not directly computable as it depends on p(x), which
basically leads us back to the start of our problem [Blei et al. 2017].

KL(q4(zlx) || p(z[x)) = )[logqq,(ZIX)]—qd}El [logp(x,2)] +logpy(x)  (2.39)
¢ Z|X Z|X

The term log p,(x) does not depend on the variational parameters ¢, so it can be

omitted from the optimization criterium for optimizing with regards to ¢.
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IS

¢ = arg;nin KL(q4(z[x) || p(z[x)) (2.40)

=argmin E [logq¢(z|x):| — E [logp(x,z)] (2.41)
¢ q4(z[x) 4 (2lx)

= argmax ELBO,(¢) (2.42)
¢

This reveals that the newly found objective for minimizing the KL-divergence is the
ELBO that was already previously derived using Jensen’s inequality (see 2.36). In
contrast to before, the ELBO now needs to be maximized at the same time with
regards to the generative model parameters 0 and the newly defined variational
parameters ¢ [Kingma and Welling 2019]. By optimizing them jointly we ensure
that the quality of the generative model improves by maximizing an approximation
of the log-likelihood p,(x), while the KL-divergence is minimized resulting in a better
approximate posterior q(z/x).

A

0, =arg max log py(x)
0.9

> argmaxELBO, (0, ¢)

o!¢
=argmax E [logpy(x,2)]— E [logq,(zlx)] (2.43)
0,0 do(zlx) q4(z[%)

With that, the central optimization criterium of the variational autoencoder is found.
The next sections will deal with how to calculate or approximate the individual ELBO
terms, and how they can be maximized using gradient descent [Kingma and Welling
2014; Kingma and Welling 2019]. In the framework of variational autoencoders,
the variational density q,(z[x) is also called encoder or recognition model, and the
conditional distribution of the observations py(x|z) is referred to as decoder or ob-

servation model.

2.3.2 Gaussian Posterior Approximation

A common choice for the family of the variational density is a multivariate Gaus-
sian distribution with the mean w,(x) € R™*! and the covariance matrix %4(x) €
RTM*TM “where T refers to the total number of time steps and M to the number of

latent dimensions [Kingma and Welling 2019].
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q4(21%) = N (uy (%), 24 (x)) (2.44)

The variational parameters ¢ define a functional mapping between the data points x
and the parameters of the approximate posterior. The key idea is that the variational
parameters ¢ are shared between all observations, which makes training efficient
and allows variational autoencoders to scale better for larger datasets, as the num-
ber of variational parameters is now independent from the dataset size [Gershman
and Goodman 2014; Kingma and Welling 2014; Kingma and Welling 2019]. This
approach is called amortized inference, and avoids the costly direct optimization of
the distributional parameters for each data point as employed by more traditional
variational methods, e.g. stochastic variational inference uses a mean-field approx-
imation and optimizes the variational parameters locally for each data point [Hoff-
man et al. 2013; Cremer et al. 2018; Kingma and Welling 2019]. The usage of a
shared encoder network also makes it straightforward to determine the posterior
distribution for previously unknown observations, as we can simply input them into
the encoder network without repeating the optimization. Amortized inference can
also come at a cost, as it is technically more restrictive than directly determining the
distributional parameters. This difference is also called the amortization gap [Cre-
mer et al. 2018].

Typically, for variational autoencoders the mean and covariance are determined
through deep neural networks. The specific parameterization chosen in this thesis

will be discussed in later sections.

(uy,24) = NeuralNet ; (x) (2.45)

The reasonably simple choice of a multivariate normal distribution has the benefit
that it allows to analytically write down the entropy term in the ELBO (see Equation
2.43) [Ahmed and Gokhale 1989].

TM 1
E [logq¢(z|x)] =———(og(2m) +1) — - log |2, (x)| (2.46)
q4(zlx) 2 2

Thus, we can restate the ELBO as:
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ELBO,(0,¢) = I(E [logpye(x,2)]— E
q d¢

5 (2% (le)[logq¢(zlx)]

™ 1
= E logpo(x,2)]+ ——=(log(2m) + 1)+ S log[ X, (x)| - (2:47)
¢ Z(X

2.3.3 Monte Carlo Estimates

Generally, the expectancy value of the generative model E,,,)[log ps (%, 2)] can not
be analytically determined. However, we can use the principle of Monte Carlo inte-
gration to gain an estimate for the expected value. An approximation of an expec-

tation of a measurable function f (x) of a random variable x ~ p(x)

E[f(x)] = ff(X)p(X) dx (2.48)

is given by the Monte Carlo estimate,

Elf(x)]= ff(X)p(X) dx ~ %;f(xn) (2.49)

where x4, ..., Xy are independent, identically distributed observations sampled from
the probability distribution p(x) [Weinzierl 2000]. The Monte Carlo estimator is
unbiased, and converges towards the true value for N — 0o. We can utilize this
result to formulate an unbiased and consistent estimate of the ELBO.

TM 1
ELBO,(6,¢) = B )[logpe(x, 2)]+ —~(log(2m) + 1) + 7 log %, (x)|
q¢(zlx

1< T™ 1
A I Zlogpe(x, zD) + T(log(ZTC) +1)+ > log|Z,(x)|  (2.50)
=1

The samples z© are obtained by repeatedly drawing from the approximative poste-

rior distribution g, (z|x) given the observed data x.
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2.3.4 Stochastic Gradient Variational Bayes

As mentioned earlier, the maximization of the ELBO with regards to the parameters
0 and ¢ will be performed numerically using gradient descent. To do so, we need
to compute the gradients of the ELBO with respect to @ and ¢ [Kingma and Welling
2019].

The gradient with respect to the generative model parameters 6 can be pulled into
the expectation values as the approximate posterior does not depend on 6. For the
same reason, the entropy term vanishes, leaving us only with:

VoELBO,(8,9) =V, E [logpy(x,2)—logq,(zix)]

¢
= E [Vylogpy(x,2)] (2.51)

g (zlx)
The expectation can be approximated fairly straightforward with the Monte Carlo

estimate previously discussed (see Section 2.3.3).

L
1
[Vologpo(x, )]~ T > Vologpy(x,z")  (2.52)

V,ELBO,(0,¢)= E
9 1=1

(zlx)
Calculating the gradient with respect to the variational parameters ¢ is more diffi-
cult, since the approximate posterior q,(z|x) obviously depends on the variational
parameters ¢. In contrast to before, we can not immediately use the Monte Carlo es-
timate of the expectation value as the term would lose its the dependency on ¢ and
evaluate to zero Vd,% Zlel log pg(x,z") = 0, which makes gradient descent based
training impossible.

The gradient can first be moved into the expectation value by using the log-derivative
trick V 4q4(z|x) = q4(z|x)V, logq4(z|x), which in turn allows us to compute the
Monte Carlo estimate that is also called the score-function estimator [Kleijnen and
Rubinstein 1996; Mnih and Gregor 2014].

V, E [logpy(x,z)]= E [logpy(x,2)Vlogq,(z/x)]
q¢(z[x) q4(2zlx)

L
iid
> ogpe(x,2V)V 4 log gy (2V)x), 20 X qy(zlx)  (2.53)
=1

]

| =
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The estimator is unbiased, but has the severe disadvantage that it oftentimes exhibits
very high variance [Paisley et al. 2012; Kingma and Welling 2014 ], which makes it
impractical for learning many models. A central idea of the variational autoencoder
framework is the introduction of a different type of gradient estimator using the so
called reparameterization trick that performs better in practice [Kingma and Welling
2014].

2.3.4.1 Reparameterization Trick

As stated above, the expectancy value can not be approximated using Monte Carlo
sampling before calculating the gradient, because the expression would lose its de-
pendency on the variational parameters ¢. To tackle this problem, the approximate
posterior distribution q4(z|x) can be reformulated by introducing a differentiable
and invertible deterministic function parameterized by ¢ [Kingma and Welling 2014;
Kingma and Welling 2019].

z=g,(x,€), € ~p(e) (2.54)

€ is a random variable distributed according to a probability distribution p(€) that is
independent of the variational parameters ¢ and the observations x. Sampling from
the approximate posterior " ~ g, (z|x) is now a two step process. First, a sam-
ple is drawn from the auxiliary noise variable e ~ p(e€), which we input together
with the observations x into the deterministic transformation to generate z). The
mapping g, (X, €) and the distribution p(€) need to be chosen in such a way that
the resulting distribution stays the same. It is possible to find such a transformation
for many distributions, for instance for any location-scale family distribution, such
as Gaussian or Logistic distributions, or for distributions with a tractable inverse cu-
mulative density function, e.g. Exponential or Cauchy distributions [Kingma and
Welling 2014].

For the multivariate Gaussian approximate posterior q,(z[x) = N (u,(x), 2,4(X)),
introduced in Section 2.3.2, such a mapping can easily be formulated. The auxil-
iary random variable € is assumed to be distributed according to a standard normal

distribution,

e ~N(0,1) (2.55)
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which yields:

z=g4(x,€) =y (x) + T4 (x)' € (2.56)

for the deterministic function, where %'/? is the Cholesky decomposition of ¥ . A
similar formulation can be used for all location-scale family distributions (location
+ scale xe¢).

Once such a function has been found, we seek to express the expectation values in
the ELBO by a change of variables z = g(€).

E[h(z)] = E[h(g(€))] (2.57)

This follows from how probability densities can be reformulated into each other via
a strictly monotonic function g [Devore and Berk 2012].

dg~'(z)

“dz (2.58)

f(2) = fe(g7'(2)) ‘det

The transformation from above can then be inserted into the expectation value to

arrive at equation 2.57.

E[h(z)] = J f(2)h(z) dz

= J f(g7'(2)) 'det dg_l(z)‘ h(z) detE de
. dz de
= f fe(e) detd—e‘ h(g(e)) detg‘ de
. dz de
= f fe(€)n(g(e)) de =E[h(g(e)] (2.59)

In the second line the probability distribution is transformed, and the variables of
integration are changed. Finally, by exploiting the inversion function theorem for
the Jacobian matrices, we can see that both determinants cancel each other out, and
that the equality holds true.

Equipped with this result, the expectation values in the ELBO can be rewritten. Here

we still assume a multivariate Gaussian approximate posterior, while in other cases
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where the entropy term is not analytically tractable we could reformulate the ex-
pression in similar fashion.

FLBO(O, 9) = E_[logpy(x,2)]+ - (og(2m) + 1)+ 3 log[Z, ()|
qq(zlx
T™ 1
= pI(Fg)[logpe(x, gs(x, )]+ T(log(zm +1)+ > log |2, (x)| (2.60)

We can now use Monte Carlo sampling to arrive at the famous Stochastic Gradient
Variational Bayes (SGVB) estimator of the ELBO [Kingma and Welling 2014].

1< TM 1
BLBO(8,6) ~ 7 3., 10gpy(x, gy(x, ")) + —~(log(2m) + 1) + 5 log |2, ()
=1

(2.61)

As the expectation is now with respect to p(e), and the source of randomness has
been separated from the variational parameters ¢, the gradient can now be simply
pulled inside the expectation. This estimator exhibits much lower variances than the

score function estimator mentioned earlier [Rezende et al. 2014].
Vo E [logpe(x,2)] =V, E [logps(x, g4(x,€))]

q¢(zlx) p(e)
= ]E)I:vd) logpe(x> g¢o (X’ e))]

J

ZVq,, logpy(x, g4 (%, ey (2.62)

=1

= B

2.3.5 ELBO for Sequential Variational Autoencoders

So far, the entire formulation of the variational autoencoder framework was inde-
pendent of the fact that we are considering time series data. We will now take a
closer look at the recognition and generative model terms of the ELBO in the setting
of state space models.

2.3.5.1 Recognition Model

As discussed in Section 2.3.2, an approximate Gaussian posterior q,(z|x) =
N(uy(x),2,4(x)) is a common choice for the recognition model, as it allows the
analytical calculation of the entropy term and makes it fairly straightforward to per-
form the reparameterization trick. Generally, the parameters are calculated using
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neural networks, although the exact parameterization and network architecture can
vary.

(U, 24) = NeuralNet , (x) (2.63)

A general problem with a Gaussian posterior is that the number of parameters scales
quadratically in time (%, € R™*"™), making training larger datasets computa-
tionally unfeasible. To counter this, we can make different simplifying assumptions
about the structure of the covariance matrix, e.g. a block-tridiagonal covariance ma-
trix [Archer et al. 2015]. We will make use of the mean field assumption [Bishop
2006], which allows us to factorize the approximate posterior across time points and
latent space.

T M
a0 =] [] [} Eenl®) (2.64)
t=1 m=1
We therefore assume that the covariance matrix is completely diagonal, which
greatly decreases training time. Of course by neglecting correlations between time
points and states, it also significantly reduces the expressivity of the approximate
posterior [Blei et al. 2017]. The mean and variance at each time point is then pa-
rameterized by multiple convolutional neural network layers [Warkentin 2021]. A
CNN is used in the hopes that it might allow for the extraction of important temporal
features from the observations that can then be encoded into the latent space [Cui
et al. 2016; Zhao et al. 2017]. More specifically, a 4-layer CNN is used for com-
puting the mean u, € RY, and a 1-layer CNN for the log-variance logo? € RY, as
recommended in Brenner et al. 2021; Warkentin 2021.

(uy,log a;) = (CNNy, (%), CNN, (x)) € (RTM RT*M) (2.65)

For the computation of the mean or log-variance vector at a specific time step t, the
CNN considers the 2k observations before the time point {X,_,...,X,}. In contrast
to previous implementations [ Warkentin 2021 ], I did not position the kernel window
symmetrically around the time points to better respect the causal structure of the

time series, which also makes it more straightforward to sample an initial latent
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state for ahead prediction. For the first 2k time points a reflection padding is used.
Finally, due to the diagonal covariance structure, the entropy term in the ELBO can

be written as a simple sum across variances.

H(q, (2]x)) = %(log(Zn) 1)+ %Z S log a2 (%), (2.66)

t=1 m=1
2.3.5.2 ELBO of the PLRNN

After discussing the recognition model and the entropy term of the ELBO the last
puzzle piece missing is the likelihood of the generative model. As latent model a
PLRNN is employed, and as observation model we for now consider a multivariate

Gaussian distribution, see Section 2.2.3.

B
po(ztlzt—l) = N(Azt—l + WZ abmax(O, Z,_— hb) +h, )

b=1
= N, (21, %) 2.67)
Pa(xt|zt) = N(th: F) = N(Au‘xt(zt): F) (2.68)

Using the factorization of the joint log-likelihood, see equation 2.19, we can write:

]'nga(x’z) :logpo(le"'JXT7Z1)“'JZT)

T T
=logpy(z,)+ Y logpe(z |z, 1)+ D logpy(x,|z)

t=2 t=1

M 1 1 _
== log(2m) — 5 log|Zo| — E(zl — )" =51z — )

S M 1 1
+ ——1log(2m) — =log|®| — =(z, — u, ) T (z, — )
;:2:( 2 og(2) 2ogl | z(zt w,) (2, — )
T
N 1 1
+§ —— log(2m) — = log|T'| — =(x, — u, ) T (x, — ) 2.69
t:1( 9 og(2m) 2ogll 2(Xt we) T (x—w) | (2.69)
2.3.6 Training Overview

We arrive at the final optimization criterium by combining the entropy term from
equation 2.66 and the likelihood of the generative model from the section before

(see equation 2.69).
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ELBO,(8, ) ~— > logpy(x, g4 (x, €)) + H(g, (z[x))
=1

==

M 1 1 ~
( — 5 log(2m) — ~ log| Bl — (2 — o) 25 ()" — o)

I
==
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1

+

M~

M 1 1
(_E log(2m) — > log|%| — E(ZE” — Mzg))TZ_l(Zil) — ‘“zﬁ”))

-
~ |l
N

+ ;(—% log(2m) — % log|T'| — %(xt _.u'xt)Tr_l(Xt _Mxt)))

+ M(10g(2n)+ 1)+ liilogaz(x) (2.70)
2 2 L o

The ELBO is maximized by gradient descent with regards to the generative and
recognition model parameters 0, ¢. To do so, it is common to employ mini-batch
gradient descent [Kingma and Welling 2019], which corresponds to drawing ran-
dom subsets of the data and performing the gradient updates mini-batch-wise. The
stochasticity introduced by sampling mini-batches reduces the danger of the opti-
mization procedure getting stuck in saddle points or local minima, while at the same
time usually being more computationally efficient.
For most of the empirical investigation in this thesis, gradient updates were per-
formed over the entire time series at once. The empirical dataset that will later be
used for evaluation only contains very short time series, so it is unfeasible to split
them up without destroying much of the temporal structure. Notice that the train-
ing procedure is still stochastic, as samples z") need to drawn from the encoder. The
entire training procedure also has been dubbed Auto-Encoding Variational Bayes
[Kingma and Welling 2014]. As optimization method Adam from the PyTorch pack-
age is used [Kingma and Ba 2015].
Figure 4 illustrates the computation of the ELBO estimator during one training
epoch. The time series data x is used as input for the recognition model, which
calculates the mean u,(x) and the covariance X, (x) of the Gaussian approximate
posterior q4(z|x). The covariance matrix can then directly be used to determine
the entropy term H(q,(z|x)). The reparameterization trick is then exploited, and L
samples z) = Ug (X)+Z¢(X)%€(l) are drawn with the aid of an external random vari-
able p(e) ~ N (0,1). Commonly, it is sufficient to draw a single sample during each
epoch [Kingma and Welling 2014]. Next, the samples z¥) are fed into the genera-
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tive model, where they are used to compute the likelihood terms of the observation
model and the PLRNN respectively. Together they determine the joint log-likelihood

of the generative model py(x, z).

Recognition model Generative model
@ Observation process
X;
‘U’¢(X) ) — po(%|2,)
Z,
> DN
Latent process
PLRNN
% (x) J — po(zlz 1)
Zi Z;
v /

L
ELBO,(6, ) ~ H(qy (2h0) + + > 10g g (x,2)
=1

Figure 4: Diagram illustrating the process of calculating the ELBO estimator during maxi-
mum likelihood training of the sequential variational autoencoder.

2.3.7 Multimodal VAE

The usage of smartphones and other wearable devices allows for the collection of
a large number of data modalities. In addition to providing an easy way to admin-
ister questionnaires, a variety of passive sensor data can be gathered that does not
require active participant input [Koppe et al. 2019b]. For instance, it is possible to
monitor location data, step counts, app usage, music listened to or phone calls and

SMS activity.> Barring privacy concerns, this type of data can of course be collected

3For more examples for mobile sensing see: https://docs.movisens.com/movisensXS/mobile_sensing/

#features-library-version-version
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much more liberally, as one does not need to worry about tiring the participant with
a high sampling frequency. In addition, it can also provide important context in-
formation on the behavior and emotional state of the subject that is not biased by
self-reporting, e.g. sleep quality has a great effect on next-day mood [Triantafillou
et al. 2019].

Bommer et al. 2021 show how the PLRNN framework can be extended to include
multiple data modalities. For each modality, a new observation model needs to be
introduced. Assuming conditional independence between the different measure-
ments, the overall observation likelihood simply factorizes into the contributions of

the different data types. For two modalities x and q we find:

Po(x,49|z) = py(x|2)py(qlz) (2.71)

Thus, the ELBO can be modified in very straightforward way by simply adding the
likelihood of each additional modality.

L

1
ELBOL(0, ¢) ~~ > (log ps(x1z®) + log py(qlz) + log py (2")) (2.72)

=1
+H(q,(z[x,q)) (2.73)

For the recognition model all data modalities can now be used as input
for the neural networks parameterizing the approximate posterior q,(z|x) =
N(uy(x,9),24(x,q)). Adapted from Tombolini 2021, a separate CNN is defined
for each data modality. The output of all networks is then concatenated by a single
feed-forward layer to arrive at the final mean (or covariance) matrix.

As an example for a potential sensor modality, I re-implemented and optimized the
run time of the Zero-inflated Poisson (ZIP) model [Lambert 1992] inspired by code
from Tombolini 2021. The ZIP model can be used for count data that is strongly zero-
inflated. This situation might for instance occur when monitoring the step counts of
participants, where for many hours of the day, e.g. during sleep phases or while sit-
ting at the office, only zero entries are reported. The ZIP model splits up the process
that generates the zero observations from the rest of the counts. A count variable

q,; at time step t and for feature i is zero with a probability of m,; and Poisson-
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distributed with probability 1 — 7r,;. Notice that in the second case zero counts can
still be drawn from the Poisson distribution.

n.+(Q—m,)e i ifqg,=0
p(qulz) =14 qnt D (2.74)
nn) “ ifq;>0

The parameters 1,; and A,; are determined by the latent states z, through a gener-
alized linear model with a logit and a log-link function, similar to what will be used
for the ordinal observations in Section 3.3.3.

In the context of this thesis, I was not able to perform an empirical investigation of
the multimodal setup, as the empirical dataset that I primarily worked with does
not contain such modalities. In the spirit of building up a modeling framework for
future use, I still deemed it important to integrate the multimodal aspect at least as

a simple test case.

2.4 Manifold Attractor Regularization

Many time series models have severe problems dealing with slower time scales
and sufficiently capturing long-range dependencies. To mitigate this problem for
PLRNNs, the so called manifold attractor regularization has been proposed by
Schmidt et al. 2021. The general idea is to regularize the parameter matrices A, W, h
for a subset of the latent states M,,, < M. More specifically, we seek to push parts
of the diagonal matrix A towards the identity matrix, and the off-diagonal matrix W
and the vector h to 0. This is achieved by adding the following penalty term to the

loss (or respectively subtracting it from the ELBO).

Myeq M,eq M;eq
Loy = Z( =122 Z +AZh2 (2.75)
m= m=1n=1,n#m

To give a brief motivation for the expression, we can reformulate the PLRNN by

introducing a diagonal matrix D2 . = a,diag(d® )) for each basis, where d?

Q(t) Q(t YOI
(dogey1s - - - dogryur) is @ vector of indicator functions such that dg,y,, = 1 if (2(,—1y, —
h,,) > 0 and zero in the other case [Brenner et al. 2021; Monfared et al. 2021]. This

gives us the following PLRNN equation with Dm) Zb 1 Q( o
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B
z.=Az_,+W > Db z_,+h=(A+WD} )z_,+h (2.76)
b=1

We therefore find for the Jacobian of the PLRNN:

5= dz,
‘0z,

=(A+WDg,)) 2.77)

We can now consider the Jacobian of two temporally distant latent states z, and
z.,, t > t' [Monfared et al. 2021].

a 7 t—t'—1 a 7 t—t'—1 —t'—1
t_ =i _ B

i=0

If the largest absolute eigenvalue of the Jacobians is on average (according to the
1/(t—t")

—t'—1 . .
! ) smaller or larger than one, the gradients will

i=0 t—i
either tend to vanish or explode for (t—t’) — oo [Monfared et al. 2021]. This would

geometric mean ||] |

imply that the model is unable to express long-range dependencies, which strongly
links the question of preserving memory to the behavior of the gradients.

While we could simply enforce A =1 and W = 0 to ensure that the Jacobians stay
bounded, we in turn lose the expressivity of the system required to reconstruct a
wide range of dynamical behavior. This would also be excessive, as we only require
a system that can express long term dependencies, and do not need infinite memory.
Fortunately, it can be shown that by only regularizing the matrices for a subset of
the latent states, the Jacobians still stay bounded from above and below [Monfared
et al. 2021; Schmidt et al. 2021]. This hinges on the assumption that the non-
regularized latent states converge toward a stable fixed-point or k-cycle and do not
exhibit chaotic behavior, which ensures that the gradients stay bounded from above.
Conceptually speaking, the latent space is split in two, where part takes on the role of
memory states, while the non-regularized latent states allow the model to retain its
flexibility. As the regularization term does not scale with the number of time points
T, we divide the rest of the ELBO by T to ensure an equal weighting.
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2.5 Interventions in the PLRNN

As discussed in the introduction, one of the main goals for the psychiatric use case is
to use the model forecasts to recommend different ecological momentary interven-
tions to the participants. The key part is to first be able to produce sensible predic-
tions, as it is then relatively straightforward to integrate the intervention feedback
loop into the framework. This can be done by simply adding an external input term
Cs, to the PLRNN equation [Koppe et al. 2019a].

B

z, =Az,_, + WZ a,max(0,z,_, —h,)+h+Cs,+¢,, €, ~N(0,%). (2.79)

b=1

C is a coefficient matrix, while s, encodes if and what intervention was selected at
time step t, for instance by denoting the different intervention types as a simple
one-hot encoded vector. After model training, it is then possible to generate a fore-
cast of the emotional trajectories under the assumption that a specific intervention
is recommended at the current time point. All the forecasts for the different po-
tential interventions can then be compared, and the intervention that leads to the
best future development is sent to the participant. Of course a key question is, how
to compare the different forecasts. For instance, a summary statistics could be con-
structed for each predicted time series that simply averages the different Likert items
while weighing desired emotions as positive, and negative affects correspondingly
as negative. A large variety of comparison measures could be thought of, e.g. it
might be beneficial to recommend interventions that lead to more stable emotional
trajectories. In the end, this questions needs to be tackled in conjunction with mental
health specialists. It might even be interesting to allow users to select their priorities
themselves, e.g. someone might want to primarily focus on reducing how stressed

they are, while others could be interested in a different use case.
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3 Model Implementation

In the previous section, the general theoretical background of the variational autoen-
coder model was discussed, and how it can be trained using Stochastic Variational
Bayes. Next, I will discuss several extensions to the model framework that I imple-
mented that enable us to deal with a variety of common problems one faces when
working with empirical time series data. Most importantly, I will discuss how to
handle missing values, adapt the generative model for ordinal data and how to use
hierarchical parameter estimation to potentially increase the predictive strength of
individual predictions by exploiting group level information. I will showcase these
issues with an empirical dataset from a psychiatric study:.

The model code is based on the general version of the SVAE code from Leonard
Bereska, a former PhD student at DurstewitzLab. Additionally, I used the CNN en-
coder implementation from Paul Warkentin [ Warkentin 2021], and took inspiration
for my own implementation of the categorical observation model from Bommer et
al. 2021.

3.1 EMI Compass Data

The empirical investigation of this thesis is mainly based upon data collected during
the "EMIcompass" study [Rauschenberg et al. 2021b; Schick et al. 2021]. The study
sought to understand the potential therapeutic benefits and effects of compassion-
focused interventions through the use of EMIs administered via an application on the
smartphones of participants. The target group were young individuals that strug-
gled with psychotic, depressive or anxiety-related symptoms. In the course of the
study, participants also completed ecological momentary assessments in regular in-
tervals. The study was structured into four phases: baseline, intervention phase,
post-treatment and a four-week follow up.

I focused on the EMA data collected during the baseline, post-treatment and follow
up phase, as during these periods the sampling frequency was the highest. These
periods lasted six days each, during which participants had to respond to eight EMA
notifications per day. Participants could set the time interval themselves in which
EMA prompts could appear each day. In the set interval, e.g. 8:00 to 23:00, the
EMAs were randomly scheduled with a minimum time difference of 30 minutes.
Completing the EMA questionnaire takes around two minutes on average , and par-

ticipants had 15 minutes to respond to the notification. A participant ignoring, dis-

38


https://durstewitzlab.github.io/

missing or failing to fully complete an EMA was separately logged. Around 44 to
47 questions were asked at each time point, with most items being categorical or
ordinal in nature. I chose to focus on a subset of items that were likely the most
relevant for future studies in the "Living lab AI4U" project motivated by its stronger
focus on general public health. The items used are listed in Table 1, and measure
momentary positive and negative affects, self-esteem and self-compassion. They are
all on a 7-point Likert scale (from 1 to 7), with a rating of 1 meaning "not at all" and

a rating of 7 "very much".

Table 1: Likert-scale features from the EMIcompass study used for model training.

Feature name

Scale of measure

Emotion

EMA relaxed

EMA scared

EMA feeldown
EMA angry

EMA satisfied

EMA insecure
EMA cheerful
EMA annoyed
EMA _enthusiastisch
EMA lonely

EMA guilty

EMA selfdoubt
EMA_disappointed

EMA _likemyself
EMA safe
EMA benevolent

ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)

ordinal (range 1-7)
ordinal (range 1-7)
ordinal (range 1-7)

I feel relaxed.

I feel scared.

I am feeling down.
I feel angry.

I feel satisfied.

I feel insecure.

I feel cheerful

I feel annoyed.

I feel enthusiastic.
I feel lonely.

I feel guilty.

I doubt myself.

I feel disappointed about
myself.

I like myself.

I feel safe.

I feel benevolent.

3.1.1 Discrete Time Steps

As mentioned, the EMA notifications were sent out at random (continuous) time
points during the allotted daily interval. The generative model expects discrete
equidistant time steps, which creates the challenge of finding a sensible discretiza-
tion in time.

As can be seen in Figure 5, the trigger times for EMA prompts are roughly equidistant
during the day, while the larger time differences reflect the necessity of sleep. Based

on this, I inserted empty values (filled with 'NaN’s) in between EMAs that were more
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Figure 5: The histogram shows that EMA notifications are roughly equidistant in the data
(~ 1.6 hours). The smaller peak between 10 and 15 hours corresponds to the
night phases.

than three hours apart. By doing so, one day is roughly partitioned into 16 time steps
that are 1.5 hours apart. I did not aggregate time steps that were closer than 1.5
hours to avoid losing any information from the already sparse data. Figure 6 shows
an example time series after preprocessing.

This straightforward approach is a reasonable choice here, but it is important to
mention that integrating features with varying time scales is a complicated challenge.
When working with multimodal data, such as sensor data and EMA questionnaires,
the sampling rates might wildly differ and a simple discretization in time might not
allow the model to capture all the temporal dependencies in the data. For instance,
step counts measured via the smart phone are obviously far more numerous than
data points that require user input. Simply aggregating more frequently sampled
data might be problematic, as it carries the danger of losing important dependencies.
There exist multiple different avenues to extend state space models for multi-rate
data [Li and Marlin 2020]. For instance, leveraging a hierarchical latent structure
has been proposed as a way to learn on differently sampled data [Che et al. 2018a].
It might also prove worthwhile to use a continuous model formulation that does not
require discrete time steps and is therefore closer to the real-world dynamics [ Chen
et al. 2018; Rubanova et al. 2019; Monfared and Durstewitz 2020b].
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Figure 6: A one week EMA time series from the EMIcompass dataset depicting a subset of
Likert-scale features. One time step roughly corresponds to 1.5 hours. Missing
values were inserted to account for the night phases.
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3.2 Missing Values

The dataset is comprised out of three time series (baseline, post-treatment, follow-
up) for each of the 83 participants. Unsurprisingly, we find many missing values
in the data, either because the participants did not react to an input prompt, or
due to the time discretization described above. On average users fully completed
around 55% of EMAs with quite a bit of variation across time series, see Figure
7. I chose to exclude time series with less than 35 non-missing time steps from
further investigation, which leaves us with 156 time series that on average contain
47 non-missing time steps. It also important to highlight that there are no partially
missing time steps, meaning either no feature is missing or all are at a specific time
point. This is due to how the questionnaire is setup; it can only be sent off once the

participant responded to all items.

10 .
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(a) Number of non-missing time steps (b) Compliance rate

Figure 7: Each time series roughly covers a one-week period with eight EMA prompts per
day. The left histogram shows the number of non-missing EMAs for different time
series, while the right histogram shows the percentage of questionnaires that par-
ticipants completed.

All time series contain at least around 50% missing time steps that need to be sensibly
integrated into the model framework. If we recall the SGVB estimate of the ELBO
from the previous Chapter (see 2.70),

L
1
ELBO,(8,¢) ~7 > ;logpy(x, g4 (. €®) (3.1)

=1

TM 1
+ T(log(ZTC) +1)+ > log [Z, (%)

we can see that the observations are needed for calculating the likelihood of the

generative model and for determining the parameters of the approximate posterior.
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The likelihood of the observation model simply factorizes in time, which makes it
possible to evaluate it only on the measured values by simply restricting the sum to
the time points t°> € O, = {t | x, is observed} associated with non-missing data
points [Fortuin et al. 2020; Nazabal et al. 2020].

logpe(x™|z) = > logpy(x,|z) (3.2)

fObSEO[

3.2.1 Imputation

Without making significant changes to the model architecture, the missing values
need to be replaced before they get inputted into the encoder model. Thus, we need
to choose a suitable imputation strategy. In principle, missing values from multivari-
ate time series can be estimated either by making use of the temporal correlations in
each feature, or exploiting the correlations across different variables [Fortuin et al.
2020]. Here, the feature correlations are not of much help, as time steps are always
completely missing. This is also a general challenge in clinical research, as partic-
ipants that do not self report on one item, tend to do the same for other variables
[Pedersen et al. 2017]. A variety of imputation methods that are geared towards uni-
variate imputation exist [Moritz et al. 2015]. For instance, very simple single value
approaches can be used, such as replacing missing values by the overall temporal
mean, or forward imputing by replacing missing values by the last known measure-
ment.

I primarily relied on a weighted moving average to separately estimate the missing
values in each category, see Figure 8. The missing data points are replaced by the
weighted mean of the 2k neighboring values (k values before and after the time

point). Thus, the estimated value of the feature i at time point t can be written as:

Zk Wx(l)
j=—k ] t+]j

k
Zj:—k w;

The kernel weights w; are chosen from a Gaussian distribution (o = 4) centered

0 = (3.3)

around t, which leads to temporally adjacent measurements contributing more to
the average. If many values are missing close to the time point, observations further

away become more important. The window size k is set to 40; its size does not
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matter much, as long as it is big enough, since far away values are automatically

suppressed by the Gaussian weighting.

C) } } } Il } } Il } Il Il } Il }t

Figure 8: The missing observations are imputed through a weighted moving average of
neighboring measurements with the weighting factors decreasing according to a
Gaussian distribution.

As an alternative, I also explored an imputation strategy that makes direct use of
the generative model. The general idea is quite intuitive, as we are already training
a probabilistic model that should at least in theory be capable of generating new
observations. More specifically, I draw an initial latent state at all non-missing time
steps that are followed by a missing one. From these initial states, the PLRNN can

be propagated forward until the next observed value. The resulting latent states
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can then be used as input for the observation model, which allows us to generate
replacement values at the missing time steps. The newly estimated observations to-
gether with the original measured values can then be used as input for the encoder
to find the parameters of the approximate posterior, which in turn makes it possible
to sample latent states and calculate the entropy term.

In theory, this method should be suited for finding reasonable estimates for the miss-
ing data. In fact, latent variable methods have oftentimes been specifically used for
data imputation tasks [ Che et al. 2018a; Fortuin et al. 2020]. A difficulty arising with
the CNN encoder design is that the sampling of the initial latent states is not possible
if too many values are missing. Since the CNN encoder always takes into account
neighboring observations {x,_o,...,X,;} to generate a sample z,, we run into a prob-
lem if not enough observations are present before the next missing value. This issue
can only be somewhat alleviated by reducing the kernel size, which generally might
not be desirable. A potential solution might be too generate a full latent trajectory
from z,, although this would likely be too inaccurate for large datasets.

Initial results showed that both imputation methods lead to very similar model per-
formance with the CNN encoder. Since the model algorithm with PLRNN imputation
takes much longer to train, I opted for using the moving average for the empirical
investigation in this thesis. Still I think it is prudent to further explore this issue
in future work, especially designing and testing an encoder that is capable of di-
rectly handling missing values. For instance, an encoder could be used that does
not take into account temporally adjacent values, and therefore only requires x, to
draw ZEZ). Furthermore, it could be very important to distinguish between types of
missing values, as variables missing due to lack of user input and missing values in
the night phases are fundamentally different. It might even be useful to consider a
two stage imputation, where the generative model is used for imputation in the day
phases, and a mean for the night periods, where we have less information about the

dynamics.

3.2.2 Informative Missingness

Oftentimes, the presence of missing values does not necessarily only correspond to
a lack of information, but can also be informative and provide meaningful insight
on the question at hand [Rubin 1976; Che et al. 2018b; Little and Rubin 2020]. If
that is the case, fundamentally depends on the underlying mechanism that leads to

missing measurements [Rubin 1976]. Here, it is sensible to assume that missing
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data points do not completely occur at random, but are dependent on the values of
other features, the true value of the unobserved variable and the general point in
time where the observation occurred. For instance, it is easy to imagine that partic-
ipants might have a tendency to report more or less at certain hours or weekdays,
or that a patient going through a depressive phase might be less inclined to fill out
a questionnaire on his emotional state. This in turn allows us to potentially exploit
the information inherent in missing values, as their occurrence is likely indicative of
the underlying emotional dynamics.

In the course of this thesis, informative missingness was not yet implemented into
the model framework. Still, I will give a brief outlook, how this could potentially be
approached in future work. We can introduce an indicator variable m, € {0,1} that
describes if a time point is missing or not [Che et al. 2018b; Little and Rubin 2020].

1, if x, is observed
m, = (3.4)
0, otherwise

Notice, that we could simply extend this to an indicator vector m, € {0, 1}, if par-
tially observed time points would become more widespread in the future, e.g. due
to the introduction of sensor modalities. The masking time series {m,} can then be
used as an additional feature to train the model on. This requires the introduction
of a new observation model that describes the Bernoulli probability of a time step

missing.

p(mt = 1|Zt) =p=1 _p(mt = O|Zt) (3.5)

The probability p can then be parameterized via the canonical logit link function,
which leads to something akin a logistic regression model [Nazabal et al. 2020;
Bommer et al. 2021].

1

plme =1l2)=p = T pTT (3.6)

It might be beneficial to include additional information on the missing values into
the model framework. For instance, by expanding the observation model to a multi-

categorical distribution, we could indicate different types of missingness, e.g. a third
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categorical label could mean a value is missing due to the participant sleeping. Fur-
thermore, we could construct other features, such as how much time passed since
the last missing value (as seen in Che et al. 2018b), although we might hope that

the model can also learn to construct expressive representations on its own.

3.3 Modeling Ordinal Data

All the features selected for model training were recorded on a Likert scale. As can
be seen in Figure 9, many of these clearly violate the commonly used distributional
assumption of normality. Especially the questions regarding negative affects lead to
strongly skewed and zero-inflated responses. This is not necessarily surprising as de-
pending on how and to whom the question is posed, we would expect the responses
to shift, although it is interesting to see that positive emotions do not exhibit the
same skewness. Additionally, Likert scales are ordinal, which can lead to systematic
errors, if modeled as metric [Liddell and Kruschke 2018].

This means that we need to adapt the model correspondingly to provide a better
description of the data at hand. In variational autoencoders, this is generally quite
straightforward, as we can simply switch out the observation model p,(z|x) for the
most sensible distribution. The optimization criterium does not change much, since
one only needs to replace the likelihood of the observation model in the ELBO. This
makes the variational autoencoder a very flexible and powerful modeling framework
for dealing with the specific distributional assumptions of varying data types.

In this section, I will first introduce the multi-categorical observation model (follow-
ing Bommer et al. 2021), as a first attempt to model ordinal data. An implementation
of a categorical observation model is also useful for future studies, as questionnaires
commonly include categorical response variables. We will then focus on how to
specifically model ordinal data by using the ordered-probit (and logit) model [Mc-
Cullagh 1980].

3.3.1 Categorical Observation Model

A categorical or nominal variable can take on a discrete and fixed number of values.
The different categories are defined by some kind of qualitative property, meaning
that no ordering exists between them. Random categorical variables are described
by the categorical probability distribution that is simply given by the probability

values {p,,...,px} of each of the K categories with the constraint ZIk{:l pr = 1. For
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instance, each individual Likert item can take on one of seven categorical responses.

relaxed scared feeldown angry

satisfied insecure cheerful annoyed
0.6
0.4
0.2
0.0 2 4 6 2 4 6 2 4 6
enthusiastisch selfdoubt
0.6
0.4

0.0

2 4 6

2 4 6 2 4 6

disappointed likemyself benevolent

0.6

Figure 9: The histograms show the overall distribution of the different Likert items in the
EMIcompass dataset. Features associated with negative affects are more zero-
inflated, while positive emotions are more Gaussian-like distributed.

In our case, we need to consider N features indexed by i that are measured at dif-
ferent time steps t. Each potential integer value of the observations x,; € {1,...,K}
corresponds to one of K categories. Which exact integer label {1,...,K} is assigned

to each category is of course arbitrary, but using them allows for a more convenient
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notation. An alternative representation can be achieved by using indicator vectors
¢c,; € {0,1}*! for which exactly one element corresponding to the observed cate-
gory takes on the value 1 and the rest are 0. The measured values are distributed

according to the following multi-categorical distribution.

N T K
pxiz2) =] [] [] [pGxu = klzo)tx=" (3.7)
i t k

The dependency on the latent states is then realized as a generalized linear model
with the canonical logit link function, which ensures that the probabilities stay
bounded in [0,1]. The relative log-odds of the different categories are therefore
expressed as a linear combination of the regression parameters f3;, and the latent
states z, [Durstewitz 2017b; Bommer et al. 2021].

p(xti = klzt) . pT

=Kl P Vk=1,....K—1 (3.8)
ti — t

The latent vectors are expanded z, € RM*! by a leading column of ones to account
for an offset term. In total, we have one parameter vector f3;, € R™*Y for each
scale feature i and category k = 1...K — 1. Finally, by respecting the constraint
lele p(x,; = k|z,) =1, we can invert the link function and arrive at the categorical
probabilities.

Bz
elik
X =klz,)= fork=1...K—1
p( t | t) 1+Z§<_1 eﬁgzt
1
x..=Kl|z.)= 3.9
p( ti | t) 1+Zf<_1 eﬁgzt ( )

To calculate the log-likelihood of the observation model, we can insert the probabil-
ities in the categorical distribution above.
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N T

logpy(xlz) = |

i

= k]logp(x,; = kl|z,) (3.10)

K-1
=k] ([xn<K][5th—log(1 +Z ﬁalr)) (3.11)

The categorical observation model is quite costly when it comes to its number of

K
2l =
t ok
N T K
=2.2.2
itk
parameters. Since every feature and category is effectively modeled separately, we
need to optimize N x (K — 1) x (M + 1) parameters. This comes at no surprise,
since categorical data is only defined by its qualitative groupings. In the case of
ordinal data, such as the Likert items, we do have information about the ordering
of the different responses that should be taken into account when formulating the
model. Using nominal classification on ordinal data is effectively throwing away
information, which might not be permissible when working in small data environ-
ments [ Gutiérrez et al. 2016].
My code is based on the implementation of the categorical observation model from
Philine Bommer [Bommer et al. 2021], former master’s student at DurstewitzLab. I
improved upon it by vectorizing the operations for faster training and increasing its

numerical stability.

3.3.2 Ordinal Variables

As previously mentioned, ordinal data is not associated with a metric space. While
we do have a natural ordering between items, such as "strongly disagree" and "dis-
agree", there exists no distance measure between categories, and it can not be guar-
anteed that the different response items are equidistant [Winship and Mare 1984;
Liddell and Kruschke 2018]. The positive integer labels that are commonly assigned
for the different ordinal responses only indicate the ordering of the values, but do not
provide information about the spacing between points. One of the most widespread
examples of ordinal data are Likert items, which measure the response of an indi-
vidual to a question on a ordered-categorical scale [Likert 1932]. An aggregation of
multiple Likert items is also referred to as a Likert scale.

Ordinal data is commonly assumed to being generated from a underlying continuous
variable. This latent variable is segmented into contiguous intervals that represent
the different categories of the ordinal scale in question [McCullagh 1980; O’Brien

1985]. For instance, an individuals emotional state, e.g. feeling of happiness, is
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likely best described as a continuous variable. When answering a questionnaire, the
participant is then forced to report on a discrete scale. This quantization process
connecting internal representation to the measurement scale might take on many
different forms, e.g. it has been suggested that humans tend to perceive many dif-
ferent types of stimuli on a logarithmic scale [Sun et al. 2012; Varshney and Sun
2013]. In general, a variety of errors can occur if ordinal observations are analyzed
as if they were metric interval-level data [Liddell and Kruschke 2018], although ar-
guments have been made that this is commonly less of an issue [Norman 2010]. To
a certain extent this question is also strongly related to the domain of interest, and
if the study questions can be designed in such a way that it can be guaranteed that
the distances between responses are at least roughly equivalent.

Let us denote the unobserved continuous variable as x7, that is divided into intervals

by the threshold parameters f3° that correspond to the different discrete

ERRN l(K 1)
responses that the observed ordlnal variable x,; can take on [Winship and Mare

1984].

Xy =k if By <xi; < B (3.12)
The interval points are assumed to be ordered with 2 = —co and ), = oo:
—00 < B <P <+ <Py < (3.13)

If we assume that the latent variable is distributed according to some kind of proba-
bility density, we can then describe the probabilities of the different Likert responses
as the cumulative probabilities between the respective cut-points of the latent distri-
bution [Liddell and Kruschke 2018], as illustrated in Figure 10 .

pCx; =k) = p(Bi_yy < xj; < BY) = Fy: (By) — Fe: (Biyy) (3.14)

3.3.3 Ordinal Regression Models

The dependency on the latent states z, of the generative model can again be ex-

pressed as a generalized linear model. The underlying continuous variable xj; is
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(a) Gaussian observation model

Figure 10: In the upper plot, a Gaussian observation model for ordinal data is depicted.
There, we assume that the numerical integer values associated with the different
Likert response items can be mapped onto an interval scale. The lower diagram,
shows the distribution of the underlying latent variable x}, segmented into inter-
vals by the threshold parameters. The cumulative probabilities associated with
the intervals under the curve correspond to the probabilities p(x,; = k) presented

in the bar plot.

assumed to be a linear function of the latent states z, and the model parameters

B! € R”. e, is an independently distributed noise term with zero expectation

Ele,;]=0.

The cumulative probabilities of the ordinal response variable x,; satisfy the following

equation with F, being the cumulative density function of the error term [McCul-

(b) Ordered-probit model

* _pT
X, =B, 2, + €y

lagh 1980; Winship and Mare 1984].
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plx; < klz,) = p(x}; < B)
= p(ﬁith +e,; = /53()
=ples < By —Bz)

=F, (B%—Ppz,) (3.16)

It now becomes evident that the distribution F,  takes the role of an inverse link
function that we denote as g~'. Therefore, the distributional assumption we make
for the noise €,; determines the exact form of the generalized linear model. The
two most common choices are either the logistic or the normal distribution that re-
spectively lead to the ordered logit and ordered probit model [Winship and Mare
1984], although a variety of other distributions can be considered as well, e.g. the
proportional hazards model rooted in survival analysis [ McCullagh 1980; Gutiérrez
et al. 2016].

The ordered logit model is very similar to the multiple logistic regression model with
the difference being that the cumulative probabilities p(x,; < k|z,) are parameter-

ized instead of the probabilities p(x,; = k).

pxy <klz) _
1_p(xti < klzt)

g(p(x,; < klz,)) =log &_ ﬁiTZt (3.17)
The model is also called the proportional odds model [McCullagh 1980], since the
odds k(x,; < k|z,) of x,; < k can be expressed as:

p(xti < k|zt)

Ko = Kz = e < ki)

= exp(B) — B, z,) (3.18)

If we now consider the ratio of odds for different covariate values z, and z;

k(x; <klz)

_pT R
Koy <kl PPz z)) (3.19)

we see that the ratio only depends on the difference between covariate values, and

is independent of the category k in question. In other words, the odds of all ordinal

response categories k change in the same proportionate way for different z,.
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Finally, we can invert the link function to arrive at an expression for the cumulative

probabilities.

exp(By — B z.)
1+ exp(/jl.(;( - ﬁiTZt)

p(x,; <klz,) = (3.20)

As discussed, the alternative ordered probit model simply results from using the
inverse standard normal distribution &' as a link function [Aitchison and Silvey
1957].

p(x,; < klz,) =& — B =) (3.21)

I implemented both the ordered probit and logit model, and finally chose to primarily
work with the ordered logit model, as its computation is slightly more straightfor-
ward. In practice, both models usually lead to very similar empirical results [Ro-
drigues 2007], as the logistic and normal distribution are not that different. My
experience when testing both models corroborated this assessment.

During optimization, it is not always necessary to separately enforce the ordering
of the threshold parameters ﬂi()(k_l) < [33{ [Greene and Hensher 2010; Christensen
2018], e.g. sometimes the threshold parameters stay ordered after careful initial-
ization. This was not the case here, where the ordering of the parameters usually
broke down only after a couple of epochs. Thus, I settled on using the following
reparameterization, as suggested in Greene and Hensher 2010, to guarantee the

non-decreasing nature of the threshold parameters.

k
0 _ po o _ 0 0 : 0o _ 0
ik = By Ttk =a; + Zexp a, with §;; = a: (3.22)

il
=2

Finally, regardless of the chosen model, we can simply calculate the probabilities

p(x,; = k|z,) from the cumulative probabilities,

p(x,; =klz,) = p(x,; < k|z,)—p(x,; < k—1]z,) (3.23)
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which then can be inserted into the likelihood term.

K

N T
logpy(xlz) = Y > > [x, = k]logp(x, = klz,) (3.24)
itk
The model could be easily expanded by choosing a nonlinear function, e.g. a neural
network, instead of the linear model in Equation 3.15 [Mathieson 1996; Nazabal
et al. 2020]. Although this might greatly increase the models flexibility [Gutiérrez
et al. 2016], I opted for using a linear model as I did not want to excessively inflate
the number of observation model parameters. A too expressive observation model
might increase the danger of overfitting, especially when working with small data,
and might in turn make it harder for the latent model to properly learn the temporal

dynamics.

3.4 Hierarchical Parameter Estimation

A central challenge when working with many deep learning architectures is the sheer
amount of data required to train them. For instance, state of the art image classi-
fication [Dai et al. 2021] or language models [Brown et al. 2020] require millions
of parameters and data points to be successfully trained. In contrast to that, data in
many scientific disciplines, e.g. materials science [Zhang and Ling 2018], biomedi-
cal engineering [ Shaikhina et al. 2015] or psychiatry [ Cearns et al. 2019; Durstewitz
et al. 2019; Koppe et al. 2021] is generally much less abundant and more costly to
gather. Especially when working with self-reported data, there are always practical
limits to how often participants are willing to answer a survey [Wen et al. 2017].
Additionally, it is prudent to consider that high sampling frequencies might also put
a mental burden on the participant [Stone et al. 2007] that could in turn decrease
the potential benefits of the intervention framework. Therefore, to reach the goal of
individualized predictions and interventions, it is necessary to develop methods that
are capable of dealing with smaller sample sizes [Koppe et al. 2021].

In Section 2.3.7, we already discussed the possibility of integrating additional data
modalities into the model, e.g. sensor data directly collected from a participants
smart phone. These types of measurements can obviously be collected at a much
higher frequency, and might help to somewhat alleviate the small data problem, al-
though the combined modeling of differently sampled data is a non-trivial challenge
in itself.

Here, I will discuss an alternative approach inspired by transfer learning [Pan and
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Yang 2010; Weiss et al. 2016]. The general idea behind transfer learning is to
leverage knowledge from another closely related problem domain to the question
at hand, which allows models to be trained with even a fairly limited amount of
data. More specifically, this is oftentimes realized by using model parameters that
were pre-trained on a larger source dataset to initialize a new model and fine-tune
its parameters on the smaller dataset in question. The key assumption is that both
datasets are sufficiently statistically related [Weiss et al. 2016], such that the model
can already extract some common general features and statistical properties from
the source dataset. In a psychiatric context this could mean attempting to exploit
information from a group of participants to strengthen the quality of the individual
subject-level predictions [Durstewitz et al. 2019; Koppe et al. 2021]. In such a way,
predictions could hopefully be made more robust [ Durstewitz et al. 2019], while at
the same time still allowing for personalized models that can capture the unique-
ness of each patient or participant [Chekroud et al. 2017]. For larger study cohorts
subjects will tend to be more diverse and exhibit less homogeneous characteristics,
e.g. because they were recruited from a larger geographic range. In these cases, it
might be useful to group participants into clusters based of some kind of measure of
similarity before training the models [Cearns et al. 2019].

As a first step towards this goal, I implemented a form of hierarchical parameter
estimation that allows the model to be jointly trained on time series of different par-

ticipants. The general idea is to infer a subset of the model parameters 6, at the

group
group-level, while fine-tuning the rest of the parameters Os(it))j individually for each
subject j = 1,..., Ny, I chose to train the parameters of the basis expansion and
the observation model at a subject level, leaving the rest of the generative model
parameters to be inferred over all participants. Additionally, the parameters ¢ of

the recognition model are also shared.

0 = {A’W,h,z}

group
00) ={09, (@, h}} for j=1,..., Ny (3.25)

subj — obs?
In future studies, one could test many alternative combinations of group and subject-
level parameters. Additionally, it might be fruitful to introduce new expressive pa-
rameters that are especially suitable for multi-level parameter inference. Finding
these parameters is not a very straightforward task, but could potentially be inspired

by domain knowledge, e.g. parameters that are directly interpretable. In the same
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Algorithm 1: Hierarchical parameter estimation

input : subject time series x0) j=1,. + s Ny
output: model parameters 0 = {0, Osui}, P
1 0, ¢ < Initialized randomly;

2 fori < 0 to N, do

ochs
3 Partition {x,...,x®w)} into L mini-batches b, = {x), ..., xUm)};
4 for b, € {b,,...,b,} do
5
6

for xU) € b, = {x(jl),...,x(ij)} do
e® ~ p(e);
A (6))] j l 6) .
; L6 O 00 ) = 30, €0, 0,1, 00 6
8 end
1 5 ) .
? &b v9;¢m Zx(f)ebl Ex(j)(egroup; Osdbj’ ¢):
10 Update the parameters 0, ¢ with regard to the average gradients gy, ;
11 end
12 end

spirit, one could attempt to find ways to initialize parameters through other prior
information that might potentially be available on a subject, such as epigenetic risk
factors [Keverne and Binder 2020].

As mentioned, the model is simultaneously trained on the time series of all par-
ticipants. During each epoch the individual subject time series x) = {x,}U) are
randomly grouped into L different mini-batches b, = {x(jl), . ..,x(ij)} of size M,.
Thus, the mini-batches b,,...,b; define a partitioning over the set of subject time
series {x(V, ..., xWubi)} 50 that each time series x) belongs to exactly one mini batch
b;. Notice that this implies that the time series in the same mini-batch can be of dif-
ferent length, although all time series in the EMIcompass study cover a very similar
duration. If the number of time series is not divisible by the batch size M, the last
mini batch contains less elements. My implementation also allows for the subject
time series to be split up into smaller sequences, which alternatively can be used
to construct the batches. I used this feature very rarely as smaller sequences carry
the danger of losing too much temporal structure, and the individual time series
are already very small to begin with. We then iterate through all the mini-batches,
and perform the gradient updates jointly for each mini-batch of observations. The
gradients with respect to the group-level parameter need to be averaged over the
different time series in the mini-batch, while the subject-level gradients only depend

on the respective subject time series.
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1 .
x(j)ebl
vg(jg'ﬁbl (0, ¢) = vg(fl))lﬁx(j)(egroup: os(j]lj: ¢) (3.27)
subj subj

The epoch is concluded after iterating through all of the mini-batches and perform-
ing L parameter updates. Finally, we note that stochasticity is injected into the al-
gorithm in two places; first through the random partitioning of the time series into
mini-batches, and second by Monte Carlo sampling €’ ~ p(€e) [Kingma and Welling

2019]. The hierarchical optimization procedure is summarized in Algorithm 1.
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4 Empirical Investigation

In this section, I will present a preliminary empirical investigation of the model
framework using the EMIcompass data set presented in Section 3.1, and then at-

tempt to generate realistic benchmark data to further test the model.

4.1 Prediction Evaluation
4.1.1 Cross-Validation for Time Series

To accurately evaluate the quality of predictions we can expect in future application
settings, we need to calculate an out-of-sample error. Using the same data for model
training and evaluation creates the risk of severely overestimating the model capa-
bilities by overfitting the training data [Hastie et al. 2009; Durstewitz 2017b]. This
can be especially problematic for complex model architectures consisting of many
parameters that are able to very accurately represent the training data, but in doing
so overly adapt to the noise present in the data, leading to poor performance on
new samples. On the other hand, many modern deep learning models apparently
exhibit better generalization in the overparameterized regime, defying the conven-
tional wisdom that overly expressive models typically exhibit low accuracy on test
data [Belkin et al. 2019]. This phenomenon has been attributed to the effective us-
age of regularization techniques, but is still debated and much of the communities
understanding of how model complexity and sample size impact generalization still
seems to be developing [Nakkiran et al. 2021; Zhang et al. 2021].

In any case, it is difficult or impossible to theoretically evaluate the optimal model
complexity or find an estimate for the minimum amount of data required to success-
fully train a model [Koppe et al. 2021]. Therefore, it is prudent to perform a careful
empirical investigation to find how accurate the models predictions will be in prac-
tice. Cross-validation is one of the most widespread techniques for estimating the
expected prediction error [Hastie et al. 2009]. The basic idea is to remove a subset
of the training data before the model is fitted. After the model parameters are esti-
mated it can then be used to test how the models predictions generalize for unseen
data. To find a robust estimate of the generalization error and to make more efficient
use of the data, the procedure is usually performed various times by partitioning the
data set into k segments, and using each segment once as a test set, while fitting the
model on the remaining data. The average of the k test set errors can then be used

as a prediction error estimate.
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However, when working with time series data simple cross-validation is problem-
atic, as the i.i.d. assumption does not hold anymore due to temporally adjacent time
points usually being highly dependent on each other [Bergmeir and Benitez 2012;
Koppe et al. 2021]. In that case, it can not be assumed that training and test set
are independent of each other, and one needs to be careful to respect the temporal
dependency structure present in the data [Bergmeir and Benitez 2012]. Typically
one selects a section at the end of the time series for an out-of-sample evaluation to
ensure that only prior observations are used for the forecast, which also mimics the
usual application setting [ Tashman 2000]. We can then use the model to calculate
ahead predictions X, , X, 5, ... from the last point of the training set x,, also called
the forecast origin, and compare the results to the test data x;, 1, ...,X;.

A problem with this approach is that we can only calculate one forecast per time
series, which might lead to the error estimate being highly dependent on the chosen
forecast origin. This could be especially be problematic, if the data contains non-
stationary behavior. Alternatively, different train-test splits can be used by sequen-
tially moving the forecast origin and retraining the entire model on each training
data set. This also sometimes involves removing values from the beginning of the
time series to keep the length of the training set constant [ Tashman 2000].

There exist a variety of other evaluation methods for time series data [ Bergmeir and
Benitez 2012], but I opted for using a small test set at the end of each time series.
This choice stems from the fact that the empirical data available only contains a very
small number of time steps (around 100), which made it unfeasible to significantly
shorten the training data. For future studies covering longer time periods, I would
argue for using a rolling forecast origin for evaluation. I also average the prediction
error over the models of multiple participants, which should help in getting a more
accurate estimate for the out-of sample predictions.

The error on the training set can be calculated in similar fashion, with the difference
being that we can choose any time point that is not too close to the end of the train-
ing time series as forecast origin. This allows us to calculate an average error over

multiple forecasts for each training set.

4.1.2 Ordinal Predictions

Predictions on the test set can be produced by propagating the latent model
Po(z,|z,_,) forward. We do so by using the recognition model to estimate a latent

state at the forecast origin z, = E, ¢[zk|x1:k] and then itertively calling the latent
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step until we reach the time step we want to predict Z,,,. The final latent state is
then inserted into the observation model p(X;_,|Z;.,), from which we can generate
a prediction Xy, by using the expected value E, ) [Xx1,|2¢1,] of the distribution.
In this thesis, I made the compromise to use the MSE for evaluating the predictions
of the ordinal data, while also calculating the categorical precision to check if the
MSE somehow distorts the results. This choice was primarily made to be able to
quickly test the first model iterations. Of course, it would be ideal to build up an
evaluation pipeline that also utilizes the ordinal character of the data, but this was

not possible due to time constraints.

4.1.2.1 RMSE

For the EMIcompass data the n-step ahead prediction error is calculated for n =
{1,2, 3} steps, while on the benchmark data it is possible to evaluate longer ahead
predictions. The n-step RMSE for one time series j consisting of N Likert items i is

then given by:

, 1 ; ; 1 ; ; ;

() — G s _ G _ (7)) 150
RMSEHJ - m ||xk+n Xk+n||2 - m ||xk+n pg%lz)[xk+n|zk+n] ”2 4.1)
If an observation is missing, the corresponding RMSE term is dropped. The RMSE
values from the different time series models are then averaged over the entire group

of participants, which gives us the following summary measure

Nsubj NSUbj
. 1 1 j ~
RMSE™® — ST RMSEmdl ) = ST 1x9) _g0) ., (4.2)
n Nsubj Z n Nsubj Z /—N k+n k+n

As a simple baseline measure, we use the mean of the training set as a constant

forecast for the test set, and also determine its RMSE.

Nsubj Nsubj kj
, 1 1 ; 1 .
RMSE™ean — _— RMSEmean,(]) - _ ”X(J) _ X(])”2 (4.3)
" Ngup; Z]: ! Noup Z]: VN o kJ' Zl t

We then calculate the difference of both error measures and average over the partic-

ipants RMSE," = ' > (RMSEMdet0) —RMSE™*()) = (RMSEM% — RMSE™**")
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to gain a sense if the model is performing better than a simple predictor.

4.1.2.2 Confusion matrix and Precision

As it is common for categorical classification tasks, we can construct a confusion ma-
trix C, where the entries C;; count the number of observations i that were predicted

to be in class j. Accordingly, we need to use the mode X,; = argmax p(x,; = k|z,)
k

instead of the expected value for prediction. We can treat each of the K = 7 ordinal
values of the N Likert items as a different class label, which gives us a K x K dimen-
sional confusion matrix C® for each feature. Here, we will determine the confusion
matrix for the single time point of the relevant n-step ahead prediction, but we could
of course summarize the predictions over multiple time points.

We can then calculate an overall classification metric for the n-step ahead-prediction
of a time series j by averaging over the entries of the different categories. This en-
sures that all observed values contribute the same, rather than weighting each class
equally. The precision is then defined as the ratio of the number of correct predic-

tions divided by the total number of predictions across all categories.

N K ()
ZiZl Zl:l Clll
PIEDIND InYors

Again, we ignore missing observations, and average the precision score over the

Precision?) = (4.4)

entire group of participants.

4.2 EMIcompass Data

As discussed in Section 3.1, I am using the data collected during the EMIcompass
study to conduct the first empirical evaluations of the model. In total, the model is
tested on 90 subject time series that at least contain 35 non-missing time points, and
enough consecutive time points at the end of the time series so that a small test set
can be constructed. For each time series a separate model is trained. By averaging
the prediction error across the entire group, we then calculate a summary measure
for the model’s performance, as described in Section 4.1.2.

These time series are very challenging to train on, as they are very short, contain

many missing values and can exhibit very erratic and noisy behavior. Additionally,
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we observe seemingly non-stationary behavior in some of the time series that is diffi-
cult to distinguish from slow oscillations. The time series vary strongly for different
participants and features, with some almost being constant in time, while others

seemingly showing no regular pattern, see Figure 11.
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Figure 11: The EMIcompass dataset contains time series of varying time scales. Many of
the time series are quite constant in time, while others exhibit more erratic or

non-stationary behavior.

The different Likert items can be approximately grouped into two categories, de-
pending on whether they are associated with a negative or a positive affect. The
positive Likert items are more Gaussian-like distributed, while the negative affects
are zero-inflated, as we saw in Figure 9. The features also exhibit a moderate amount
of correlation, which can be determined by calculating the Spearman rank order cor-

relation coefficient p between all the features i and j, as displayed in Figure 12.

cov(R(x;),R(x;))
— (S

ORx)9R(x))

p" [1,1] (4.5)
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R(x;) denotes the ranks of all the ordinal observations for feature i. The correlation
between the features is important to consider, as high correlation might indicate that
some of the features are superfluous and do not add further information in training.
Of course the question of feature selection is also tied to the application setting, e.g.

what emotional attributes are important to predict and improve from a psychiatric

standpoint.
relaxed -1.00
scared
feeldown 0.75
angry ‘
satisfied 0.50
msecure
cheerful 0.25
annoyed
enthusiastisch 0.00
lonely
guilty —0.25
selfdoubt
disappointed —0.50
likemyself
safe —0.75
benevolent Lo
A&b
S
&Q} “f’g@

Figure 12: Likert items measuring positive attributes are positively correlated with each
other, with the same holding true for negative emotions. Unsurprisingly, the
Spearman correlation for negative and positive features is negative.

On the other hand, this should also be investigated empirically, as a specific subset
of features might prove to be especially predictive to select adequate interventions.
From a study design there also exists a trade off between the sampling frequency
and the number of Likert items on the questionnaire. The more extensive and time
consuming a single EMA becomes, the less often we can expect participants to be

willing to answer it.
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Figure 13: The upper row shows the 1-step ahead prediction error for the training set, while
the lower row corresponds to the test set. The plots positioned on the left display
the RMSE. The right figures show if the model is performing better than simply
using the mean of the training set as forecast; if a value falls under the black line
the model is more accurate. The error bars correspond to the standard error of
the mean over the different participants.

4.2.1 Hyper-Parameter Search

All models are trained with the ordinal observation model described in Section 3.3.3.
The CNN-encoder for the mean of the approximate posterior consists of four layers
with the respective kernel sizes {11,7,5,3}, while the covariance is parameterized
with a single layer, as suggested in Warkentin 2021, with a kernel window of size 11.
The models are trained for 10.000 epochs with the Adam optimization method and a
learning rate of 0.001 [Kingma and Ba 2015]. The manifold attractor regularization
is used on % = 0.3 of the states with A,z = 1. The effect of different MAR
parameters will be investigated later. As the time series are very short, we do not
split them up into batches. The evaluation after training is performed on the model
associated with the lowest epoch loss, which typically corresponds to the last epoch.
To find the optimal number of latent parameters M and bases B, a hyper-parameter
grid search is conducted for M € {10,40,70,100, 150} and B € {1, 5,10, 15}.
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As can be seen in Figure 13, a larger number of latent states and bases improves
performance on the training set up to a RMSE of approximately 0.4 for M = 70 and
B = 10 after which little change can be observed. In contrast to that, the number of
dynamical parameters does not affect the performance on the test set, for which the
RMSE remains slightly above one. The model is not able to perform a better out-of
sample forecast than the mean. This result is also consistent with the categorical
precision.

Although the predictions are subpar at this point, we can occasionally observe inter-
esting oscillatory patterns in the freely generated trajectories, e.g. see Figure 14.
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Figure 14: The predicted trajectories of different subjects (orange) are freely generated from
Zo. At the start of the test set (marked in red), the latent process is reinitialized
using the recognition model.

Of course, it is speculative to assume that the generated patterns here are indicative
of some kind of true underlying emotional dynamics, but it is still intriguing to
see that the model does sometimes recover more behavior than a simple constant
process. If longer time series should become available in the future, it could be

especially interesting to test if participants grouped according so some kind of
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Figure 15: The diagram illustrates the 1-step ahead prediction error for different parameter
settings for the MAR (M = 70, B = 15).
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Figure 16: The 1-step ahead prediction does not change significantly for longer training time
(M=70, B=15).

criteria, potentially motivated by psychiatric insight, also show similarities in the

underlying latent space.

To see if the prediction performance on the EMIcompass dataset can be improved, the
effect of the manifold attractor regularization is evaluated for the parameter settings
Awvar = {0.1,1,10,100} and % ={0.1,0.3,0.7,1.0}. As presented in Figure 15, the
out-of sample performance is still only equivalent to the mean. Regularizing only a

small subset of the states or all of them leads to slightly worse performance on the
Myeg
M

Drastically increasing the training time to up to 100.000 epochs only slightly reduces

test set, with the optimal and A,y being around 0.3 and 1.0.

the training error (see Figure 16), while increasing it on the test set, most likely due
to stronger overfitting.

As the model consists of a large amount of parameters in contrast to the small number

of data points available, an additional regularization term for the observation model
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Figure 17: The 1-step ahead prediction error for different L, regularization parameters A,
(M=70, B =15).

parameters is introduced. This is also done in the hopes to encourage the model
to put more emphasis on learning the right dynamics via the latent process, instead
of overfitting too much through the observation model. We do so by adding a L,
regularization term to to the likelihood. The f3, parameters are not regularized as
they define the thresholds between the different ordinal responses, and also make
up a smaller fraction of the parameters as they do not scale with the number of latent

dimensions M.

N M
L5 = Dos D, D Bl (4.6)
i om
We can see in Figure 17 that the regularization term increases the error on the train-
ing set. In contrast to this, we observe no significant change on the test set, where
the model performance remains very similar to the mean for all parameter settings.
The added regularization seems to push the model more towards constant trajec-
tories, which is not in itself a bad thing, as this might just indicate that the model
overfits less of the noise. Again, it is difficult to differentiate between the capabilities
of the model and the natural limitations of the data.

To investigate if certain features are more predictable than others, the RMSE is in-
dividually calculated for each feature in each subject time series, and averaged in
the same way as before over the entire group of participants. Although the perfor-
mance does not vary greatly between the different Likert items, see Figure 18, we
still see for a subgroup of features a fairly significant deviation from the mean pre-
diction error. Interestingly, all the features that are overall easier to predict have
the shared characteristic that they are associated with a negative affect. This could

potentially be a very interesting finding, which should be investigated more in the
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Figure 18: The 1-step ahead prediction error of each feature averaged over all subject time
series (M =70, B =15).
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Figure 19: The 1-step ahead prediction error for the categorical and the ordinal observation
model (M =70, B=15).

future to ensure that this is not just a quirk of this specific data set, e.g. through
an appropriate statistical test. It is also important to remember that a feature being
more predictable is not the same thing as it being more predictive of the underlying
emotional dynamics. Although it might turn out that some Likert items are espe-
cially difficult to forecast, they still might be very informative for the intervention
selection.

Finally, I tested the ordinal against the categorical observation model. We would
assume that the categorical model performs better on the training set, as it is more
expressive than the ordinal model due to the individual parameterization of each
category. Correspondingly, we would hope to see the ordinal model generalize better
on the test set. Here, as displayed in Figure 19, there is seemingly little variation
between the two observation processes, but we can still see a slight indication of the
expected difference. In any case, even if both models work similarly well, one would

prefer using the ordinal observation model as it requires less parameters.
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Figure 20: The 1-step ahead prediction error averaged over all subjects for the hierarchical
parameter estimation compared to the average performance of the individually
trained models (M = 70, B = 15).

4.2.2 Hierarchical Parameter Estimation

In the hopes of augmenting the predictive strength of the individual time series
through group-level information, the hierarchical parameter estimation as described
in Section 3.4 is used. All 90 time series are jointly trained, with individual obser-
vation model and basis expansion parameters for each time series, while the rest of
the parameters are shared across the entire group. In each epoch, the time series
are split up into nine batches that each contain ten subject time series. The model is
again trained for 10.000 epochs, but now each epoch corresponds to nine gradient
updates. As can be observed in Figure 20, the hierarchical parameter estimation
does not manage to significantly improve upon the individual-level model forecasts
on the test set, while at the same time performing much worse on the training
set and therefore seemingly reducing the amount of overfitting. Varying the batch
size has little effect on this result. Here, the hierarchical parameter estimation
seems to encourage more constant latent space dynamics and thus performs more
comparable to the mean. It is at this point very difficult to make any conclusions
about the functioning of the procedure. If the data truly does not contain enough
information to infer more complicated dynamics, constant latent states would be
the expected result. On the other hand, the hierarchical parameter estimation
might just generally push the dynamics towards group averages, which of course is

not the intended effect.
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4.3 Benchmark Data

The empirical investigation so far has shown that the data from the EMIcompass
study is likely not extensive enough to make clear statements about the functioning
of the proposed model setup. It is unclear, where the strengths and weaknesses
of the model lie, as we might be dealing with a ceiling effect, where we can not
really discern between different model configurations and hyper-parameters. The
only real remedy for this issue is to gather more data and especially increase the
number of observed time points. At this point in my thesis, I did not have access
to a more comprehensive empirical data set, so I focused on creating a method
to produce a fairly realistic benchmark data set for the ordinal mobile data. This
allows for the generation of unlimited simulated time series data, which can then
in turn be used to thoroughly evaluate the model and its limitations. As mentioned
before, working with smaller data sets is a common challenge in many scientific
contexts, e.g. in medicine and psychiatry [Koppe et al. 2021], so it is especially
important to find a principled way to test how much data is needed for sensible
forecasts. Thus, a benchmark data set is also very important to inform future study

design, e.g. how many participants or what kind of sample frequencies are required.

4.3.1 Underlying Dynamics

The first step for creating benchmark data involves generating artificial latent trajec-
tories from a chaotic system. This is partially motivated from the fact that a number
of psychiatric phenomena, such as schizophrenia [Bob et al. 2009] or bipolar disor-
ders and recurrent depressions [ Gottschalk et al. 1995; Ortiz et al. 2021] have been
associated with chaotic system dynamics [ Durstewitz et al. 2021]. Some studies also
suggest that especially for healthy subjects mood fluctuations might be determined
by chaotic processes [Ortiz et al. 2021]. As the available empirical time series are
very short, it is not possible to confirm if the system exhibits chaotic tendencies, or if
the irregularities are simply due to a high amount of noise or external inputs to the
system. In any case, we will later attempt to confirm that the generated benchmark
data is fairly similar to the empirical data.

The goal is now to select an appropriate chaotic dynamical system as a benchmark
model of the latent process. The Lorenz attractor [Lorenz 1963] is arguably one of
the most famous examples of a chaotic system. The geometry of the attractor is char-

acterized by two "wings", which give rise to the iconic "butterfly" shape. Thus, the
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(a) Lorenz attractor (b) Rossler attractor

Figure 21: The characteristic 3D-shape of the Lorenz (0 = 10, p = 28, 3 = 8/3) and the
Roéssler attractor (a = 0.1, b=0.1, ¢ = 14).

Lorenz attractor implies a very specific temporal structure that is defined by the time
scales contained in each wing, and the time it takes the system to switch between
them. As we will later see, the data does not seem to contain two characteristic time
scales, which makes the Lorenz system impractical for our purpose. For this reason,
I opted for using the so called Rossler attractor that behaves similar to the Lorenz
system, but has a simplified topological structure that only contains one spiral, see
Figure 21 [Rossler 1976]. The Rossler system is described by a set of three ordinary
differential equations.

X —y—2
x=|y|=fx)= x+ay (4.7)
P4 b+z(x—c)

In accordance with common practice, the parameters are settoa = 0.1, b =0.1, ¢ =
14. We also inject the system with process noise, which converts the system of equa-
tions f(x) to a stochastic one [Barwolff 2020]. For each of the three Rossler dimen-
sions we add an independent driving Wiener process dW = (dW,,dW,, dw,)". As
the Wiener process is not differentiable, we bring the equations into the following
form:
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dx =f(x) dt +CdW =f(x) dt + de (4.8)

Correspondingly, the matrix C = diag(c,,c,,c,) is diagonal with all the entries as-
sumed to be constant in time. Each matrix entry c; is set to +/10~5 times the standard
deviation o; of the Rossler system in the respective dimension. In other words, the
noise is generated by drawing from the Gaussian term de ~ N(0,107>dt x I). To
solve the equations and generate trajectories from the system, the famous Ito inte-
gral is used. More specifically, I apply the itoint routine from the package sdeint
with a step size of At = 0.0005. The system is randomly initialized close to the

attractor, and a transient of 100.000 time steps is cut off.

4.3.2 Ordinal Trajectories

After the latent trajectories z, have been generated, we can sample the simulated
ordinal trajectories from a categorical distribution parameterized by an ordered-logit

model that uses the latent states as input, as discussed in Section 3.3.3.

K
X ~ p(alz) = [ [ pCey = klz)bx=™ 4.9)
k=1
The probabilities p(x,; = k|z,) are determined by the cumulative probabilities

p(x,; < k|z,) that in turn can be expressed through a generalized linear model with

a logit link function.

exp(/jl(])( - ﬂiTZt)
1+ exp(B, — B z,)

p(x,; <klz,)= (4.10)

4.3.2.1 Observation Model Parameters

The question becomes how to find sensible parameters 3, and 5 for the creation
of the benchmark data. First, I attempted to simply reuse the parameters from the
observation models that were trained on the EMIcompass dataset. This did not
prove to be fruitful, as the parameters need to be in good correspondence with
the respective latent process to arrive at reasonable trajectories. I attempted to
fine-tune the parameters by hand, e.g. by changing the amplitude of the generated
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latent process or by shifting the threshold parameters, but this did not lead to much
success.

Finally, I settled on fitting the observation model parameters in such a way that
the overall distributions of the generated features match with the histograms of the
Likert items calculated from the empirical data (see Figure 9). This is done by using
multiple simulated latent trajectories as input and then optimizing the parameters
by least squares so that the deviation between the distributions of the empirical and
simulated data is minimized. After solving some numerical issues with the optimizer,
the procedure worked well, and the simulated data now perfectly reproduces the
overall distributions from the EMIcompass data set, see Appx. Figure 26. Thus,
the benchmark data also contains the characteristic Gaussian-like and zero-inflated
features.

To impose a similar feature correlation structure as observed in the EMIcompass
data, the signs of a subset of the 3, parameters were manually changed. In doing
so, we arrive at a similar Spearman rank order correlation matrix, see Appx. Figure

27, compared to the one estimated from the empirical data.

4.3.2.2 Time Scales

So far, we only focused on reproducing overall properties of the empirical data, but
neglected to enforce a specific temporal structure. A general challenge lies in the
fact that the given empirical time series are very short, so it is difficult to be certain
about what kind of dynamics should be introduced into the benchmark data.

To gain a sense of the time scales present in the empirical data, the time series are
fast Fourier transformed feature-wise (by using the np.fft.rfft routine). The indi-
vidual subject time series are not long enough to perform a Fourier transformation
in a sensible way. For this reason, one long time series is constructed by attaching
multiple subject time series to each other. Time series that exhibit very small vari-
ance and only nearly constant behavior are discarded, as they do not provide us with
any interesting information about the temporal dynamics. In future more sophisti-
cated criteria might be thought of to sensibly group the participants according to the
observed dynamics. Missing value gaps that are longer than eight time steps, which
mostly correspond to the night phases, are cut out of the time series. The rest of the
missing observations are imputed by a moving average with a Gaussian kernel. Ad-
ditionally, the data is standardized before apply the Fourier transformation. Finally,
the resulting power spectrum is smoothed with a Gaussian kernel. Before plotting,
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the frequencies are re-scaled to account for the filtered out night phases.
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Figure 22: Smoothed power spectrum of the Likert item associated with guilt. The red line
indicates the largest frequency component, and the frequencies are given in days
under the assumption that two time steps are 1.5 hours apart.

An example power spectrum of a single Likert item is presented in Figure 22, for all
features see Appx. Figure 28. We do not observe a very sharp peak in the power spec-
trum, but can still clearly see that most of the power is found in the low-frequency
components. On average, the maximum frequency corresponds to a period length
of ~ 13.5 days.

In general, these low-frequency oscillations can seemingly be found in the data, but
it is difficult to truly distinguish them from potential non-stationary behavior. Here,
the empirical time series on average only cover a period of around seven days, so
we are not even able to observe a full oscillation, which makes it effectively impossi-
ble to accurately answer this question with the available data [Kantz and Schreiber
2004]. Therefore, it is definitely necessary to repeat the analysis on longer empiri-
cal time series to gain more certainty about the presented result. If it turns out that
non-stationary behavior can indeed be commonly observed in the dynamics of such
time series, appropriate modeling strategies would need to found.

Additionally, the question remains if there are truly no higher frequency patterns
present as the power spectrum would suggest. In many of the time series, we can
observe behavior at smaller time scales, but it is difficult to say if it is due to the
high stochasticity of the system or if it can be attributed to some kind of underlying
dynamics. We also need to consider that the irregular patterns might be due to some
unknown external context that can not be easily modeled as noise. For instance, an
unexpected event, such as a supervisor sending a fascinating paper or winning the
lottery, will of course have a strong impact on the emotional trajectories that cannot
be feasibly predicted by the model. Thus, it might be crucial to integrate additional
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information into the model framework, for instance provided by the smartphone
sensors, e.g. the movement patterns of a person. The EMIcompass data set also con-
tains a question on the type of social activity a person might be engaged in, which

could for instance be used as an external input for the PLRNN.
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Figure 23: Benchmark trajectories sampled from an underlying Rossler system through an
ordinal observation model.

For now, we proceed under the assumption that only low-frequency oscillations are
present in the data, and therefore attempt to induce the same time-scale in the bench-
mark data. This can be simply done by sub-sampling the generated trajectories. We
find that by taking every 30th time point, we can arrive at a similar power spectrum
for the benchmark data, see Figure 24. Finally, we mimic the day and night struc-
ture from the empirical data by introducing missing values into the time series. We
assume that each day corresponds to 16 time steps from which the last eight are set

to be missing.
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Figure 24: Power spectrum of the benchmark data (green) overlayed with the power spec-
trum from the EMIcompass data set (blue). The dotted lines indicate the maxi-
mum frequency components.
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Figure 25: The left diagram shows model performance for different training set sizes Ty,
(M = 40, B = 10). On the right, we see the impact of the number of latent
parameters M on the error for Ty,;, = 10.000.

4.3.3 Model Evaluation

Figure 23 shows two simulated trajectories covering different time periods. Only
long-term dynamics are present, and the time series are overall quite noisy. The
number of time steps of the upper trajectory corresponds to the average time frame
that the empirical time series cover, and it generally seems comparable to the
statistical difficulty of the EMIcompass dataset. Apart form the question if the right
time scales were introduced into the simulated trajectories, it is also difficult to
control the amount of noise present. Overall, the noise level is determined by the
imposed distribution of the individual Likert items, but this does not directly control
the noise at each time step. All in all, the created trajectories are very challenging,
as they are based on a chaotic system, exhibit much stochasticity, and only contain
slow moving dynamics.

Models are trained on the benchmark data with the same parameter setup described
in Section 4.2.1. Each hyper-parameter combination is evaluated by training 50
individual models and averaging the error metrics as before. Model performance is

compared to using the constant mean of the feature distributions as forecast.

The primary motivation for generating the benchmark data was to assess model per-
formance for larger amounts of training data T,,,;,. As can be observed on the left in
Figure 25, increasing the number of time steps for training does indeed improve the
out-of sample error. For longer time series, the forecasts outperform the mean for up
to a 50-step ahead prediction. For longer ahead predictions the model performance
is again worse in relation to the mean forecasts. As we provide the model with up to
10.000 time steps, this definitely should not happen. Even for chaotic systems, we
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would always want the model to at least recover the mean for long-term forecasts.
The right figure shows that even with a large amount of training data, the number
of latent dimensions has very little impact on the resulting performance. This is not
what we would necessarily expect, as we would hope that for effectively unlimited
training data and dynamical parameters the generalization error would fall further.
Tuning the MAR also has little impact on this result, see Appx. Figure 29.
Currently, the model is not able to reconstruct the dynamical system, and only man-
ages to provide a reasonable local forecast. In general, the models do not exhibit
much dynamical behavior, and the latent states mostly run into fixed-points. This
allows the model to perform short term ahead predictions when initialized correctly,
but performance than quickly falls off, as it is not able to truly recover the underlying
dynamics.

Finally, we notice that the performance of the models trained on the simulated tra-
jectories containing 100 time points is roughly equivalent to the results we observed
on the empirical data set. This might indicate that the generated benchmark data
has some correspondence with the empirical data set. On the other hand, it is impor-
tant to point out that the models trained on the EMIcompass data generally showed
more dynamical behavior, which might be due to some faster underlying dynamics

that were missed when generating the benchmark data.
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5 Discussion and Conclusion

A central goal of this thesis was to build up a model that is capable of directly
handling ordinal time series, without requiring the assumption that the data can
be approximately treated as metric or categorical. This was realized by making use
of an ordered logit model, that was integrated as an observation model into the
sequential variational autoencoder framework.

Before discussing the empirical results, it is important to mention that while the
central model components respect the ordinal character of the data, the same can
not be said for the measures that were used during the empirical evaluation. As
discussed in Section 3.3.2, the numerical encoding of the ordinal categories is
somewhat arbitrary, as we do not have information about the distances between
different items. This poses a challenge for model evaluation, as calculating the
expected value of the observation model E,,, 1,y [X¢+n|2k+,] Of course implies that we
presume that the different ordinal responses are equidistant, which might simply
not be true and mislead us depending on the distribution of the relevant features.
Additionally, this makes it difficult to choose a sensible error metric, as ordinal data
is neither truly categorical nor metric. It is possible to use measures commonly used
for nominal classification, e.g. precision or the confusion matrix, but this does not
feel satisfying as we ignore the ordering in the data. In other words, it seems worse
to misclassify a very unhappy person as happy than to confuse a happy participant
with a moderately happy subject. Alternatively, we can calculate the mean squared
error (MSE), or a similar measure, but in doing so we pretend that the ordinal
classes live in an equidistant metric space, which we can not simply presuppose.
For instance, for a zero-inflated feature it should be more important for the model
to correctly discern between the first and the second category than between the
second and third, as the first jump is likely more meaningful and might hint at a
larger change in the underlying dynamics. Due to time constraints, I made the
compromise of working with the MSE, but double checked the results by calculating
the categorical precision. So far I did not encounter a situation, in which the error
measures differed significantly. Still, I would recommend that for future testing
the possibility of designing a purely ordinal evaluation method should definitely be
explored.

In the literature I reviewed I could not find a clear consensus on how to best pro-
ceed, and a variety of approaches have been proposed for evaluating ordinal data,
e.g. [Baccianella et al. 2009; Gaudette and Japkowicz 2009; Cardoso and Sousa
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2011; Amigé et al. 2020; Sakai 2021]. They all vary greatly, and also differ on the
question if equally spaced intervals can be safely assumed. This choice also likely
depends on the problem at hand, the exact distribution of the data, and might need
to be informed by domain knowledge. It might especially fruitful and interesting to
review work on how to best extract metric information from ordinal data [Shepard
1966], e.g. by exploiting the overall feature distribution to find sensible weightings
for the different intervals between the ordinal categories. It is also important to
consider that the perception of ordinal scales might vary in a participant population,
and various individuals might interpret the Likert item intervals very differently.
This might make it necessary to find a different approximation of the ordinal to the

metric scale for each participant.

In Section 4.2, the model performance was evaluated on the real-world EMIcompass
data set for several different hyper-parameter settings. Overall, the model is not able
to perform better out-of sample forecasts than the mean. In the hopes of reducing
overfitting, I introduced an additional regularization term for the observation
model, which proved to have little effect on the generalization error.

This is obviously not a very satisfying result, but it needs to be stressed that the
time series are very challenging from a statistical standpoint. As was seen, many of
the subject time series seemingly exhibit very slow time scales or irregular behavior
while at the same time being very short and containing a sizable amount of missing
values. Additionally, many of the time series show non-stationary behavior, e.g. see
Figure 11, that is difficult to distinguish from low frequency oscillations. In total, it
might just not be feasible to generate predictions that are significantly better than
the mean on the available dataset. In other words, it oftentimes seems unclear if
there is even a pattern present in the data for the model to recover.

Nevertheless, when honing in on specific features or participants, it is possible to
observe interesting dynamics that also seem to have some correspondence to the
empirical data, e.g. see Figure 14. This might indicate that for future analysis, it
is especially important to zoom in on specific participant and feature subsets that
prove to be more predictable than others.

Here, for instance we found that Likert items that are associated with negative
affects, such as loneliness or guilt, can be predicted with higher accuracy that also
surpasses the mean forecast. As a next step, it should be investigated what exactly
makes the negative emotional states easier to predict, e.g. if it is possible to find

clear similarities in their dynamical behavior. Of course such a finding would need
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to be corroborated with robust statistical testing, and should be reproduced on a
more extensive data set, but it still might give some indication in which direction
future efforts should be focused. It might also be interesting to see, if such insight
could be connected to available domain knowledge on psychological phenomena.
For instance, negative events and impressions seem to generally have a more
dominant impact on people’s behavior and emotional states [Lewicka et al. 1992;
Baumeister et al. 2001]. As mentioned before, an investigation of the features also
needs to be tied to the specific application setting. If some features prove to be less
predictable than others, they still might be very predictive for the selection of the
right interventions. In any case, a careful analysis of the different EMA features
could also provide valuable information for future studies, e.g. if a questionnaire
should specifically focus on one sub-type. Dropping some of the Likert items, could
also allow for more densely sampled trajectories, as it would take participants less
time to fill out a single questionnaire. In my opinion, a larger number of time points
is likely more important than a larger number of Likert items, as they exhibit a fair
amount of dependency and oftentimes similar time scales.

In similar fashion, one could attempt to group participants that show similarities in
their underlying dynamics. It would be extremely interesting to see, if individuals
with a comparable latent space, can also be matched according to another similarity
measure, ideally motivated by psychiatric insight. Additionally, one could check,
how much model performance varies in between subgroups. For instance, certain
dynamical patterns might be easier to predict than others, which could also inform
future model development.

In the hopes of exploiting such group similarities, I also implemented and tested
the first version of a hierarchical parameter estimation. First results did not show
much improvement on the test set, and the hierarchisation generally led to more
constant latent space dynamics. Of course, it is difficult to draw a final conclusion,
as the empirical data set is fairly limited, but I suspect that the chosen parameter
split for group and individual-level inference was still far from optimal and needs
to be further explored. For instance, it might be more sensible to at least train parts
of the parameter-rich connection matrix W on the individual level, while sharing
the thresholds of the basis expansion over the entire group. As mentioned before, it
might also be useful to group participants from larger study cohorts before training
the models [Cearns et al. 2019].

In general, it seems likely that to reach a significant performance boost on empirical

data sets, a fine-tuned hierarchisation procedure will be necessary. As seen before,
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the self-reported information of a single individual might oftentimes not be compre-
hensive enough to fully train a complicated model on. The hierarchisation might
then be a structured way to integrate group-level insight, while still allowing for
enough individual variation to construct truly personalized models, which are likely
very crucial for improving future mental health treatments [ Chekroud et al. 2017].
Along the same line, it might be fruitful to find ways to integrate prior domain
knowledge from psychiatry or computational neuroscience into the model frame-
work. For instance, it might be possible to incorporate existing insight on what kind
of underlying dynamics to expect by defining sensible priors for the latent model
parameters, similar to a fully Bayesian framework [Sayer 2020]. This could also
inspire the introduction of new expressive parameters that correspond with other
subject-specific information, such as epigenetic risk factors [Keverne and Binder
2020].

In addition to the empirical investigation of the EMIcompass data set, I attempted
to create realistic benchmark data to further test the model’s capabilities on, see
Section 4.3. The underlying latent process was modeled by using the chaotic
Rossler attractor. The ordinal trajectories were then sampled through an ordered
logit model, for which the model parameters were fitted in such a way that the
overall feature distribution corresponded to the EMIcompass data set. Additionally,
I manually introduced a similar feature correlation structure as observed in the
real-world data, and attempted to mimic the dominant time scales by sub-sampling
the time series.

As discussed, it is difficult to say if the dynamics of the benchmark data are a truly
accurate representation of the real-world data. The large amount of power observed
in the low-frequency components might be a strong indication that they need to
be treated as non-stationary [Kantz and Schreiber 2004]. Additionally, I suspect
that there might be predictive behavior at smaller time scales, at least for some
individuals, that was missed when calculating the power spectrum over multiple
participants. In total, the creation of the benchmark data needs to be repeated with
better data, which should be fairly straightforward now that the process is set up. In
addition, alternative techniques for generating benchmark data could be tried out,
e.g. block bootstrapping, where a time series gets divided into multiple contiguous
blocks from which new time series can be produced by sampling with replacement
[Kreiss and Paparoditis 2011].

A preliminary evaluation of the benchmark data was performed by training multiple
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models for different training set sizes. In general, for a large enough number of
observations the model provides reasonable short-term forecasts, but falls off in
its accuracy for longer ahead predictions. It is surprising that at some point the
model performance becomes worse than the mean again, as we would expect the
model to at least recover the overall mean as a long-term forecast. In general, the
model is struggling to reconstruct the underlying Rossler dynamics, and the latent
states oftentimes become fixed-points. The exact reason why this is happening still
needs to be investigated, but it is also important to mention that while performance
is comparable for a similar training set size, the models trained on the empirical
data exhibit much more varied dynamical behavior. This might indicate that the
benchmark data still might be missing faster dynamical patterns that potentially
exist in the EMIcompass data.

It is important to note that the hierarchisation procedure was not tested on the
benchmark data. To do so in a principled manner would require adjusting the
benchmark generation process so that multiple individual time series can be created
that still share some similarities in their dynamical behavior. This could for instance
be realized by using the same underlying latent process, e.g. the Rossler attractor,
but choosing different parameter regions for each time series. It could then be
tested, if the parameter hierarchisation can recover the overall dynamical system,
and can manage to encode the differing dynamical system parameters in the

individually inferred model parameters.

Besides improving the hierarchical parameter estimation, there are also sev-
eral other changes to the model architecture that might positively impact the
empirical results. For the recognition model a completely diagonal covariance
matrix was chosen. This is likely a too simplifying assumption, and it might be
necessary to test alternative encoder models with a more complicated covariance
structure. For instance, it might be possible to combine the usage of a CNN with
the block-tridiagonal parameterization proposed in Archer et al. 2015. It might also
be fruitful to consider a recognition model that can directly handle missing values,
e.g. by making use of a PLRNN, similar to the second imputation technique that
was proposed. As long as model interpretability is a secondary goal, one could also
try out different generative models, such as LSTMs or a deep PLRNN consisting of
multiple layers.
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Overall, I think that the highest performance jump will arguably be tied to
the integration of other data modalities. As discussed before, collecting self-
reported information is difficult and costly, as the patience of participants to
answer extensive questionnaires multiple times a day will always be limited [Wen
et al. 2017]. High sampling frequencies might also become strenuous and put an
unacceptable mental burden on the user [Stone et al. 2007]. Additionally, solely
relying on self-reported data might also carry the danger of introducing biases; for
example, the validity of electronic self-monitoring of mood for patients suffering
from mania has been questioned [Faurholt-Jepsen et al. 2016].

Therefore, the usage of passively gathered sensor data might be especially appealing
for the construction of personalized models, as they can be collected without user
participation and with a much higher sampling frequency [Durstewitz et al. 2019;
Seppala et al. 2019; Koppe et al. 2021]. A variety of smartphone-based sensor data
has been shown to be potentially predictive for mental health and general mood,
ranging from mobility patterns inferred from geo-location traces [ Canzian and Mu-
solesi 2015; Mikelsons et al. 2017], application usage and communication history
[Likamwa et al. 2013], physical activity levels measured through accelerometers
[Rodriguez et al. 2017] to microphone data [Abdullah et al. 2016]. Taken together,
the integration of such rich and densely sampled sensor data might allow the
model to make better sense of the irregular patterns and non-stationary behavior
observed in the EMA trajectories, e.g. a seemingly random spike in a Likert item
might become predicable when taking into the account the unusual communication
and mobility patterns observed before. In addition to sensor data, it might also be
prudent to make better use of missing information, as mentioned in Section 3.2.2.
As discussed in Section 2.3.7, multimodal data can in principle be easily included
into the sequential variational autoencoder framework. For instance, I implemented
a version of the ZIP model, based on work from Bommer et al. 2021, that could
be used to to describe step counts measured by smartphone sensors. The main
difficulty for integrating various features will be how to deal with their varying
time scales. As mentioned, the sampling rate of sensor data will of course widely
differ from the self-reported questionnaires, making the discretization of the data
into equidistant time steps rather difficult. We then might require a specifically
structured latent model [Che et al. 2018a] or a continuous model formulation
[Chen et al. 2018; Rubanova et al. 2019; Monfared and Durstewitz 2020b] to be
able to train successfully on differently sampled data.
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Overall, the methodological approach that I started to develop in the context
of this thesis holds a lot of promise from an application perspective. It offers a
potentially useful way to forecast ordinal time series using a probabilistic deep
learning model. The insights gained during this investigation reveal fruitful direc-
tions future research can take to realize this model’s potential, not only in the field
of psychiatry, but also other fields that rely on similar kinds of data. Especially as
more and more mobile data becomes available, the need for models that solve the

problems this thesis has identified will only increase.
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Figure 26: The histograms show that the overall distribution of the ordinal features in the
benchmark data perfectly matches with the empirically observed distributions of
the Likert items in the EMIcompass data, see Figure 9.
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Figure 27: The Spearman rank order correlation matrix of the benchmark data shows good
agreement with the correlation structure extracted from the EMIcompass data,
see Figure 12.

101



relaxed scared
100000 T T
1 1
P P
50000 V1 \ / i
1 1
0 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
feeldown angry
100000 T ]
1 1
= P 1
50000, ¥ /'\
1 1
0 1 i T 1 i ! T
0.0 0.2 0.1 0.6 0.8 10 00 0.2 0.1 0.6 0.8 1.0
fday fday
satisfied insecure
100000 I I
1 1
50000 /':\ ,/:\
1 \ 1 \
0 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
cheerful annoyed
100000 T ]
1 1
50000 ,/:\ !
1 \ /_:\
0 1 i I 1 i T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
enthusiastisch lonely
100000 F—F I
50000 : :
1 \ 1 \
0 [ | 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
guilty selfdoubt
100000 T I
50000 //!\ r/i\
1 ¥ 1 ¥
0 1 i " 1 i i T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
disappointed likemyself
100000 F—F Pp Al
/ T\ /N
50000/ : / :
1 \ | \
0 1 T T 1 i " T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fday fday
safe benevolent
100000 T
/-I\ /{\
50000 : ’ :
! \ " \
0 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 28: Power spectrum of the EMIcompass data smoothed by a Gaussian kernel. The
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dotted red line indicates the maximum frequency component.
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Figure 29: Model performance on benchmark data (T, = 10.000) for different MAR set-
tings. Left: % = 0.3, Right: Ayag = 1.0.
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